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PREFACE. 



In accordance to the wishes of several of the proprietors 
of establishments where I have the honour to attend^ aa 
well as to meet the desire manifested by many of my 
pupils of having some kind of class-book to guide them 
in the prosecution of their drawing studies, and which 
should, at the same time, combine moderate cost, plain 
and concise rules, and a copious amount of examples and 
of questions to be solved, I had prepared a work not only 
giving the solution of every question which had hitherto 
been set at the divers military and other examinations, 
but treating likewise on every subject connected with the 
science, and illustrated with nearly 800 diagrams. When 
completed, I found that I had miscalculated — that not only 
its publication would be too expensive, and thereby defeat 
one of its principal objects, but that its bulk would acquire 
dimensions too extensive for such an elementary work as 
I had in view. I felt, therefore, compelled to condense it 
to its present size, to expunge entirely some of its tech- 
nical subjects, such as Mechanical and Architectural 
Drawing, Fortification, &c. ; to substiiiite rough litho- 
graphs, for the finished engraved diagi^^s with which I 
had intended to illustrate it, and^^^^o^ne myself to the 
publication of that which, jtitlgm|f^'from past examina- 
tions, I considered most absolutely necessary. 

However humble may be its object, a book of this kind 
cannot expect to escape criticism ; and as a foreigner, I 
feel painfully conscious that its language is particularly 
open to it. On this point, however, as a literary work is 
not intended to be produced, I throw myself on the indul- 
gence and generosity of my readers. 

Other dangers likewise commonly attend the produc- 
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tion of such a book, which, to a certain extent, must 
necessarily be a compilation. Let the author follow the 
beaten path — ^repeat what has been explained before him 
— and he lays himself open to an accusation of plagiarism. 
On the other hand, let him emit new ideas, attempt new 
methods, and although he obtains the same correct results, 
he exposes his book to be rejected by those who, unac- 
customed to the proposed alterations, often consider as 
" heresies^' any deviations from their own familiar process. 
Disregarding these considerations, and without foUowing 
invariably any particular method, I have selected what 
my experience induced me to consider as most useful. 
When I have found it necessary, I have not scrupled to 
consult works treating especially upon the branches 
having reference to the subjects under explanation. In 
most cases, however, I have endeavoured, when practi- 
cable, to simplify complicated methods. If in some of 
these I have failed, I am open to correction which will 
be thankfully received. 

Some of my observations will perhaps appear scanty, 
because, wishing as much as possible to reduce the solution 
of individual subjects to general rules, I have seldom re- 
peated the explanations given at the beginning of the 
chapter to which they refer, and which, to attentive and 
intelligent pupils should prove amply sufficient. 

I beg, finally, to repeat that this small treatise is not in- 
tended to act as a substitute for, but merely as an adjunct 
to masters, and that its condensation was planned as a 
means of obtaining at the same time a cheap and useful 
text-book, acceptable both to tutors and pupils. That 
this may be the case, and meet with approval, is my sin- 
cere wish. 

H. DE RHEIMS, 

2, Bedlbrd Tenucc, 

riumstcad Common. S.K. 
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GEOMETRICAL DRAWING. 



As in the following pages my intention is to be as concise 
as possible^ and to avoid eyerytbing not absolutely neces- 
sary, I will confine myself to those parts of Geometrical 
drawing, to those descriptions of instruments, and to 
those observations which an experience of twenty-five 
years has taught me to be the most required by pupils. 

Without entering into the description of those imple- 
ments usually contained in a box of mathematical instru- 
ments, the use of which may almost be learnt intuitively, 
I will merely observe that ^' good work depends in a great 
measure on good tools/' and that too much care cannot 
be bestowed on our instruments, especially with respect 
to cleanliness, sharpness of points, smoothness of edges, 
and accuracy of scales, rulers, &c. The following rules, 
therefore, should always be borne in mind. 

1. In geometrical drawing, all lines should at first be 
lightly drawn with a pencil moderately hard — ^HH. 

2. The indian rubber should be used as sparingly as pos- 
sible, and not until some time after the diagram has been 
inked in. 

3. In inking in the different lines should, as much as 
possible, be drawn according to their order of construc- 
tion, but when there are tangents to curves, begin by ink- 
ing in the curves. 

4. The beauty of a line consists in being throughout of 
an even and uniform thickness. 
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5. The iudian ink should be carefully rubbed, very dark, 
and free from grit. 

6. In drawing circles, the compass should be held very 
' lightly, and in a vertical position, yet so as to avoid 

making holes in the paper. 

7. In geometrical constructions, the nature of the lines 
usually determine their meaning, thus : — 

Thin lines, , are generally employed for data ; 

thick lines, . ■ , for the representation of results, or 

quaesita, and dotted lines for lines of construction. 

In intricate problems the nature of the lines of construc- 
tion vary with the progress of the diagram, thus, in the 

first period, the lines are usually dotted, , or barred, 

j in the second period, alternately dot and bar 

j in the third construction alternately two dots and 

bar, ..—..-...-., and so on. Dotted lilies are also used in 
solids to determine the position of lines unseen but neces- 
sary to the conception of the diagram, also to determine 
shadows, &c. As these lines are conventional, practice 
will teach what kind of lines should be used in any case. 

8. When lines meet, the angle formed by them should 
be sharply defined. 

9. For the sake of distinction original or given points 
are often surrounded by a small circle © to distinguish 
them from resulting points. 

10. In determining points by the intersection of curves, 
the arcs should, if possible, cross nearly at right angles to 
each other, never at an angle less than 60°. 



The student should begin by drawing a series of pencil 
Hues and then inking them in with lines of different thick- 
nesses, and do the same with a series of concentric circles 
of different radii ; before inking in, experience will teach 
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him the value of previously trying his pen on a piece of 
waste paper. 

He should also practise the imitation of printed letters. 
Plain Roman capital and small letters^ and Italic capital and 
small letters are those generally used in military drawing. 
Any weU printed book will furnish him with the most 
useful and best examples. 

Besides different kinds of compasses^ ruling pens, &c., 
good cases of instruments are usually provided with a 
protractor and a sector. Military boxes contain also a 
set of Marquois scales. 

Pbotractoe. 

A protractor sometimes consists of a horn or brass semi- 
circle, divided into 180 equal parts, named degrees, and 
is used to determine the value of angles. 

The best protractors, however, are made either of box- 
wood or ivory, and are in the shape of parallelograms, 6 
inches long by 1.5 broad {vide Fig. 1, Plate I.); they con- 
tain, besides their graduated edge, — 

Two scales of chords of different sizes, the smallest 
marked C and the largest Cho, and whose purposes are 
the same as those of the graduated edge of the protractor, 
viz., to measure angles. 

A scale of inches, |, |, f , i, |, J, J, of an inch duodeci- 
mally divided. 

A series of plane scales divided in the ratios of 20, 25, 
30, 35, 40, 45, 50, 55 and 60 units to one inch. 

Diagonal scales divided in the ratios of 200 and 400 
units to one inch. 

A plotting scale, either divided at the rate of 40 units 
to one inch, or, in military protractors, at the rate of one 
mile to 4 inches, or 440 yards to one inch. 

N.B. — The Student is expected to follow, with the help 

of his own instruments, the directions here given. 

b2 
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To construct an angle by the protractor. 
Draw a base line, BC, and determine on it the point at 
which the angle is to be oonstructed ; place the centre A 
of the protractor on the giyen point, so that its lower 
edge coincides with the given base ; determine the re- 
quired angle with a finely pomted pencil, and through 
that obtained point draw a line from the original one. 

Pkacticb. 

1. On a base AB, two inches long, construct a triangle, 
so that the angle ABC equals 65^, and the angle BAC 
equals 47®. Vide Pig. 2. Place the protractor at the left 
eztremiiy A of the given line, and determine the angle 
47^ inclined towards the right j remove the protractor to 
the right eztremiiy B, and determine likewise the angle 
B, 65'', inclined towards the left. 

N.B. — Remember that lines at angles less than 90'' in- 
cline towards each other. 

2. Construct a tricmgle ABC whose base AB =1.7 
inches, whose angle ABC = 42% and whose angle BAC 
= 57^ 

3. On a base AB, 1.5 inches long, construct a triangle, 
and let the angle BAC = 105°, and the angle ABC = 37°. 

If with any radius we describe a circle, we shall find that 
the radius used as a chord will be contcdned exactly six 
times within the circumference; as a circumference is 
divided into 360% it follows that the radius equals the 
chord of ^ of the area, or 60°. The construction of the 
scales of chords, and of most sectoral lines, depend on 
that fact. 

To construct a scale of chords. 

Draw two lines, AB, BC, of any length, and at right 
angles to each other ; firom B as a centre describe with 
any radius the arc AC : respectively from A and C as 
centres with radius AB cut AC in D and E. 
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The triangle ABD will equal i of 90^ or 30^ 

The triangle AlBE will equal |, or 60^ 

Trisect (by trials) each of these three sectors^ and mark 
them 1, 2, 3, 4, 5, 6, 7, 8 and 9. The quadrand ADEO 
will be divided into 9 equal parts^ each of which will be 
worth 10 degrees. 

Divide therefore each of these nine parts into 10 sub- 
divisions^ to show single degrees (for the present purpose 
this may be omitted). 

Draw the chord AC^ and &om A as a centre transfer 
the divided distance Al^ A2, and A8 on the circum- 
ference (Fig. 3), to the chord AC, which number 10, 20, 
30—80, &c. 

Each of these divisions will equal 10 degrees, and the 
line AC will become a scale of chords of 90^. 

To determine any angle, say 40^, by the scale of chords 
{see Fig. 4) . 
Draw any line long enough to contain the length 

A — 60 taken on the scale of chords (Fig. 3), and with that 
length as a radius describe the arc BC ; take in the com- 
pass the length A 40^ (the value of the angle required) 
and adapt it from B to D (Fig. 4) ; the distance BD is 
the chord of the angle of 40^. 

To obtain any other angle, say 70^. (Fig. 4.) 
On the same arc, or on one similarly obtained, with the 

same radius, adapt the length A — 70 obtained on the same 

scale of chords, from B to G. 

Angles as great as 90^ can be obtcdned in a similar 

manner. 

When they exceed 90° we must repeat the operation 

until the value of the angle is obtained : thus, let an angle 

of 100*^ be required. Determine the angle of 50*^ BE and 

repeat it on EF : BF will be the chord of an angle of 100°. 

(Fig. 4.) 
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Peacticb. 

1 . By scale of chords, determine angles of 32®, 47^, 76®, 
92° and 117°, and 153°, and prove those angles by the 
graduated edge of the protractor. 

2. Construct a triangle having two of its sides 4.62 and 
8.47 inches long respectively and the included angle 
3= 480 : figure the remaining angles and the length of 
the third side. 

3. Construct a triangle ABC, of which the sides AB, 
BC and CA are respectively 1.72, 2.9 and 2.68 inches : 
determine the number of degrees contained in each of its 
angles. 

Use of Scales. 

In order to understand the use of scales, it is desirable 
that we should be acquainted with their construction. 

The scales generally in use are either the plain scale or 
the diagonal scale. 

Plain scales contain primary and secondary divisions. 

The primary or larger divisions represent whole numbers 
or multiples of 10 units. 

The secondary divisions are subdivided into as many 
units or fi^actional parts as are contained in a primary 
division. 

To draw a plain scale, say of 10 units to 1 inch and 
60 units in length. {Vide Pig. 5,) 

Draw a line 6 inches long and divide it into 6 equal 
parts, (each of these parts will equal 10 units). 

Subdivide the first left hand division into 10 equal 
parts. (Euclid 2, VI. book.) {Vide Practical Greomotry, 
problem 7.) 

Draw a second line (thick) at -^^th of an inch below and 
parallel to the first, and number it as in the given example. 

So far the scale of 10 units to one inch will be completed. 
All plain scales are constructed according to the same 
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principle, and vary from each other only in their propor- 
tions, which are determined by the index accompanyiDg 
them, thus the scales preceded by the numbers 60, 50, 
40, 30, 20, &c. signify that the space of one inch is sub- 
divided in the ratios of 60, 50, 40, 30, 20 equal parts, &c. 
The mode of division remcdning the same in every one. 

Practice. 
1. Draw a line A-B 6 inches long, and upon it, fi^m A 
as a common starting point, determine by the plane 
scale and number the distances of 

It is clecur that these scales will also enable us to obtain 
vulgar fractional parts of the inch — as, should we require 

The scale of f^=2 of f^=3 of f^=4 of i8=5of f^g=6 

ofV^ = 7ofV=8 ofV=9 of V or V = 10 of V = ll 

of V = 12 
of i|=14 of io = 15, of |i=16 of ^i=18, &c. 

Practice. 

1. Find 1.^ and 2^ inches on your scale. 
Now ^ = SL = ^ and 2^= V = W 

2. Find IJ 2.^, 3rV> V i and j^ of an inch. 



The diagoual scales accompanying the protractors are 
constructed according to the following principles. 

Required a scale, say of 100 units to 1 inch and of 
600 units in length. {Vide Fig. 6.) Draw eleven lines 
(to inclose 1 spaces) 6 inches long, parallel and equi- 
distant (any space between these lines will do, but ~ of 
an inch is usually found a convenient distance, the size of 
the scale being however the best guide to follow.) Divide 
these lines into 6 equal parts, forming 6 spaces or primary 
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divisions separated byTertdcal lines. Subdivide the lower 
line of the left hand primary division into 10 equal and 
secondary parts — ^firom the first left hand subdivision of 
which draw a diagonal line to the upper intersection of the 
highest line with the left hand bounding extremily of the 
scale : from each of the other secondary divisions draw 
lines parallel to this and number them as in example. 

The primary divisions wiU represent lOOths of units, 
the secondaiy divisions wiU represent lOths, and the ter- 
tiary divisions each ^ of the secondary or one single 
unit. (Euclid 2, VI. book.) 

All diagonal scales are constructed on similar prin- 
ciples — ^but, like the plain scales, they differ in their rate of 
division. 

On most protractors the diagonal scales bear the ratios 
of 200 and 400 to 1 inch. 

On a scale of 100 to 1 inch, required distances of 2.5, 
3.27 and 4.665. (Fide Fig. 6.) The dark line drawn from 
the second primary division 2 to the fifth secondary divi- 
sion on the base line will show the first distance. The 
dark line drawn from the point at which the seventh pa- 
rallel line from the base is crossed by the second diagonal 
to the third primary division will give the second division. 

And, in the same mauner, that drawn midway between 
the two 6th and 7th parallels, will point the way of obtain- 
ing diBtances requiring 3 places of decimals. 

Practice. 

On the scale whose method of construction has been 
given of 100 to 1 inch, mark off with a red line, or with 
a dark pencil, spaces of 1.7, 3.45, 4.78, 5.27, 5.655 and 
5.785. 

Should we require to obtain these distances on the scale 
of 200 to 1 inch, we would either multiply the distances 
by 2, or obtain them in half inches and double them on the 



OEOMETBICAL DRAWING. 9 

paper — the same operation by 4 will enable us to use simi- 
larly the scale of 400 to 1 inch. 

This last method has the advantage of enabling us to 
obtain lengths of greater magnitude than those offered by 
the scale. 

Bequired a line 9.92 inches long. 

Take that distance on the i inch scale and double it. 

Bequired a space of 16.765 inches long. 

Take veiy carefully that distance on the ^ inch scale 
and step it four times. 

One moment of ocular demonstration will show the con- 
venience of the plotting scales to obtain equidistant or 
proportional spaces^ &c. and in many instances to dispense 
advantageously with the compass. 

Sector. 

A sector is an instrument either of boxwood or of 
ivory, consisting of two moveable limbs each containing a 
series of lines acting in pairs, and divided so as to obtain 
certain dimensions according to given ratios. (Euclid 2, 
VI. book.) 

The three principal pairs of lines contained by the sector 
are. 

The lines marked L, or lines of lines, which are divided 
up to 100 equal parts and are principally used for obtaining 
proportionals to given lines ; to divide lines into fractional 
parts, to construct scales, &c. 

The lines marked G, or lines of chords, by means of which 
angles can be accurately measured to degrees and half 
degrees, and by which other fractional parts of degrees 
can be approximatively obtained. They are graduated 
up to 60 degrees. 

The lines of Polygons marked Pol, which are used for 
the construction of polygons, whether in given circles or 
on given bases, and from 4 to 12 sides. 
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N.B.— It is is to be observed^ that the dimeDsions on the 
sectorial lines are to be obtained from the lines^ at the 
extremity of which there is a small brass nail. 

There are other pairs of sectorial lines^ of which two, 
marked T, are used for tangents, and are graduated np 
to 45^ and 75°. One S for sines, graduated to 90, and 
one pair for secants s, and graduated to 75°. 

The -sector contains likewise logarithmic scales of sines, 
tangents and numbers. 

When open to its whole length, the sector is 12 inches 
long, and its back is divided into 100 equal parts. 

On one of its edges, the same distance is divided into 
12 inches, each decimally subdivided into lOths of inches, 
or in 120 equal parts to one foot. 

The spaces marked longitudinally on the sectorial 
lengths are termed lateral distances. 

The dimensions taken on the open sector, reaching to 
similar indices of a pair of lines having the same denomi-. 
nation, are termed '' transverse distances.'^ 

LINE OP LINES (L). 

The lines of lines are divided into 10 equal parts, termed 
primary divisions, each of which is subdivided into 10 
secondary subdivisions, the value of each of which may 
optionally equal .1, 1, 10, 100, 1000, &c. Application, 
{vide fig. 7.) 

1. To divide a line 2 inches long into 10 equal parts. 
Take the given length (2 inches) in the compass, and adapt 
the sector to it at the denomination required ; then open 
the sector so that the transverse distance 10-10, equals two 
inches. It is evident (EucUd 2, YI. book) that the trans- 
verse distances, 9-9, 8-8, 7-7, &c. will equal .9, .8, .7 of 
2 inches. 

2. Show .73 of a line 2 inches long ? 
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As in other words we reqture -^L3l of 2 inclies^ open the 
sector so that 100-100 eqnals 2 inches^ and adapt the 
compass as the radius 73-73^ the distance required. 

3. On a map a distance of 1-6 represents a space of 80 
miles^ complete the scale to 100. 

The given space, 1.6 being obtained in the compass, 
adapt it to the transverse distance 80-80, and open the 
compass from 100 to 100 transverse distance, for the whole 
length of the scale. Divide that line into 10 equal parts, as 
in the first example, and subdivide dedmeklly the first left 
hand primary division by repeating the same process. 

4. Find ^ of a line of any given dimension, say of 1.7 
inch. Open the sector so that the transverse distance, 
9-9, equals the length of the denominator (1.7), and adapt 
the compass at the transverse 7- 7. Hence the rule applicable 
whether for obtaining a decimal or a vulgar fraction of a 
line. Open the sector so that the larger transverse dis- 
tance, or space representing the length of the given line 
coincides with the denominator. Then adapt the compass 
to the transverse distance representing the numerator. 

Find U of .8 of a line 4 inches long. 

First obtain .8 of 4 inches, and then ^ of that distance. 

Pkactice. 

1. Find 44 of i of '87 of § of a line 5.3 inches long. 

2. Find 4 of ^ of .73 of .785 of a line 6 inches long. 

3. On amapi 73 miles are represented by a space of 4.2 
inches, complete the scale to 100. 

4. Construct a scale of equal parts of 7 units to 1 .^ inches. 
To find a third proportional to two given lines, say 

to 4 and 6 units, compass from to 6 (the second 
term) as a lateral distance, and adapt that space as a trans- 
verse distance from 4 to 4 (first term). Now ttike the 
transverse distance 6-6 (second term), and from measure 
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that distance laterally. The result^ 9-9^ will be the third 
proportional. 

To find a fourth proportional to three giyen lines^ say 
8^ 5, and 6^ take in the compass the lateral distance 
of the second term (5)^ and make it the transverse dis- 
tance, 3-3 of the first term. Take the transverse distance 
of the third term 6-6^ and measure it laterally on the 
scale. The result 10 will give the fourth proportional. 

Practick. 

1. Find a third proportional to 5 and 30. 

2. Find a fourth proportional to 2^ 4 and 5. 

MNB OF CHORDS (C). 

The line of chords (vufe Fig. 8) is divided on each limb 
into six parts of 10 degrees each^ not equals but bearing 
to each other the same ratio as those obtained by the con- 
struction of the scale of chords ; each of these parts is 
divided into 10 parts, or single degrees, and each degree 
is again subdivided into two parts, or half degrees, each 
equal to 30 minutes. 

To determine an angle by the line of chords, assume the 
angle to be 50**. 

Draw any line AJB (Fig. 9), and with any radius describe 
the arc BC ; open the sector so that the transverse distance 
60-60 may equal the radius AB, adapt the compass firom 
50-50, the chord of the angle required, and transfer it 
fi:om B to D on the arc BC, join AD. Repeat the same 
operation for any other angle. 

When the angle exceeds 60° divide its value by 2 or 3, 
as may be necessary, and after having obtained the chord 
of that fraction of the angle, step it twice or three times 
on the given arc. 

As one degree 1° equals 60 minutes, and as each degree 
on the line of chords is subdivided into two half degrees. 
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it will be easy to estimate approximately any intervening 
number of minutes between and 30' or 30' and 60'. 

Practice. 

By the line of chords determine angles of 17°, 33°, 
47°-15', 56°-45', 72°.30', 117°.20', 147°.40', and 168°. 

Prom a circle of 9' radius cut oflf by the chord an arc of 
42° 30', and determine the length of the chord. (Pig. 12.) 

LINES OP POLYGONS. POL. (Pia. 10.) 

The line of Polygons forms the nearest scale to the two 
inner edges of the sector, and is marked Pol. 

Let us remember that the radius of a circle is equal to 
the chord of ^ of its circumference. If, therefore, we 
adapt any opening of the compass to the transverse dis- 
tance 6-6, that distance will form the radius of a circle 
containing it 6 times. 

Those scales have been so graduated that the transverse 
5-5 will be contained 5 times in the circle of which 6-6 is 
the radius ; the transverse 7-7 will be contained 7 times in 
the same circle, 8-8 eight times, 9-9 nine times, &c., and 
so on. 

Example. (Pig. 11.) 

In a circle of .9 inches radius inscribe any polygon, say 
a pentagon. 

With the given radius of the circle (.9) as a transverse 
distance, open the sector at 6-6; adapt the compass 
at 5-5, which will equal the side of the required inscribed 
pentagon. 

Should we wish to inscribe in the same circle any other 
polygon, say a heptagon, or a nonagon, without changing 
the opening of the sector, the only operation would be to 
find the transverses 7-7 and 9-9, for the sides of the figures 
required. 
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N.B. — Should the sides of the polygons not fit accurately 
in the circle^ the learner need not feel discouraged^ as the 
error most likely proceeds from the thickness of the pencil^ 
from taking his dimensions from within or without the 
circle, or from some other trivial cause which requires cor- 
rection. 

When the polygon is to be constructed on a given line 
or base, the operation is the converse of the preceding : 
adapt the sector so that the transverse distance equals the 
length of the given base when applied to the numbers cor- 
responding with the denomination of the required polygon. 
Adapt the compass at 6-6 for the radius of the circle 
that will contain that polygon, with which radius, and from 
both the extremities of the given base as centres describe 
two arcs intersecting each other above it ; the point thus 
determined will give the centre of a circle, which will con- 
tain as many chords or sides, equal to the base, as are 
contained in the required polygon. 

Example. 

On a base of .75 inches construct a regular heptagon. 
(Fig. 12.) Let that base equal the transverse distance 7-7, 
and adapt the compass at 6-6. With that distance as a 
radius, find the centre of the circle as just explained, and 
it will contain the length of the base seven times. 

Practice. 

In a circle of 2 inches radius construct a square, a 
heptagon, and a nonagon. 

On bases of 1-2 inches construct a pentagon, an octagon, 
and a nudecagon. 

From a circle of .9 inch radius cut ofi* an arc of 42°, and 
determine the length of its chord, {vide Fig. 126). 
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MAEQUOIS SCALES. 

As we have already observed, military students are 
usually provided with a most useftd pair of scales, termed 
'' Marquois," from the name of the inventor. A proper 
acquaintance with these scales will not only greatly facili- 
tate the performance of works of detail, but whilst in a 
great measure obviating the necessity of using the compass, 
will produce those constructions with much greater rapi- 
dity, neatness, and accuracy. The proof of their con- 
struction depends on Euclid 2, VI. book. 

A set of Marquois scales consists of two rulers and a 
triangle. The rulers are each 12 inches long, and so gra- 
duated as to contain on each of their edges one pair of 
scales — the one nearest the edge being termed the '' arti- 
ficial scale,^^ and that immediately below it the " natural, 
or true scale ;*' both these scales are divided into spaces 
of 10 units, the only diflFerence between them being that 
the space of 10 units on the artificial scale is ever equal 
to three spaces of 10 units on the natural, making there- 
fore 3 units of the natural equal to one of the artificial. 

In the centre of these scales, which are eight in num- 
ber, and opposite the zero is an index marked either 20, 
25, 30, 35, 40, 45, 50, and 60, and denoting the ratios into 
which the space of one inch is divided on each of the re- 
spective scales. 

The triangle which accompanies these scales has its two 
shortest sides meeting at right angles, in such a manner 
that the hypothenuse is exactly three times as long as the 
shortest side, or perpendicular. The hypothenuse of the 
triangle bearing, therefore, the same proportion to the 
perpendicular as the artificial scale bears to the natural. 

To obtain measurements by these scales, {vide Fig. 13) 
say to draw two parallel lines at ^ distance from each other. 

Place the base AB of the triangle so as to coincide with 
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the first given Kne GL, from which the distance is to be 
obtained; place the ruler (with, in this case, index 40) 
diagonally, so that its edge coincides with the hypothe- 
nuse AC of the triangle, the arrow in its centre coinciding 
also with the zero O on the scale ; then, whilst keeping 
the ruler steady with the left hand, slide the triangle with 
the right till the arrow is transferred and coincides with 
whateyer may be the measurement required on thq arti- 
ficial scale — ^in this case i^. The perpendicular BA will 
be found equal to one third of the space passed over by 
the arrow of the hypothenuse, and equal to that which 
would be obtained with the compass on the natural scale. 

The following practice is recommended to those who 
wish to become familiar with the use of these scales : — 

Draw two lines seven inches in length parallel and one 
inch apart ; divide the space between these lines into 14 
compartments each J an inch in breadth {vide Fig. 14)^ 
and subdivide by Marquois each of these compartments of 
1 inch high by .5 inch broad into given numbers of equal 
parts, as already given in the explanation of plain scales. 

The scale of 55 being wanting, the division of the inch 
into 11 equal parts is omitted, as well as that of 13, 17, 
and 19, which would be difficult and exposed to inaccuracy. 

Dimensions can be obtained on the natural scales by 
means of the compass, precisely in the same manner as on 
the plain decimal scales affixed to the protractor, from 
which they do not differ in principle, but only in length. 

Should we require to obtain through these scales the 
length of a line decimally given, say 3.5 inches, it is evi- 
dent that that distance multiplied by the index of auy 
scale will change its denomination, therefore let us assume 
the scale of 20, then, 3.5 x 20=|J, the distance required. 

Take 5.83 by the scale of 30, then 5.83 x 30 =i^. 

Take 2.9 by 45, then 2.9 x 45 == 5^, &c. 
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In practice, tlie student will often discover some new 
means of using these scales with advantage^ especially in 
the construction of diagonal and other scales, and in their 
application as substitutes to the triangle and T square. 

THE PROPOSITIONS OF MOST FREQUENT 

APPLICATION. 

Those ou which depend the construction of most Geo- 
metrical diagrams^ the solution of most questions likely to 
be asked> are chiefly founded on the following Theorems : 

Euclid, Book I. 

Prop. 15. — Theorem. If two straight lines cut one ano- 
ther, the vertical or opposite angles shall be equal. 

Prop. 29. — TJieorem. K a straight lino fall upon two 
parallel straight lines, it makes the alternate angles 
equal to one another ; and the exterior angle equal to the 
interior and opposite upon the same side ; and likewise 
the two interior angles upon the same side together equal 
to two right angles. 

Prop. 32. — Theorem. If one side of any triangle be 
produced, the exterior angle is equal to the two interior 
and opposite angles^ and the three interior angles of 
every triangle are equal to two right angles. 

Prop. 34. — Theorem. The opposite sides and angles of 
parallelograms are equal to one another, and the diameter 
bisects them^ i.e,, divides them into two equal parts. 

Prop. 35. — Theorem. Parallelograms upon the same 
base and between the same parallels are equal to one 
another. 

Prop. 37. — Theorem. Triangles upon the same base 
and between the same parallels are equal to one another. 

Prop. 47. — Theorem. In any right angled triangle, 
the square wliich is described upon the side subtending 
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the right angle^ is equal to the squares described upon the 
sides which contain the right angle. 

EucuD, Book in. 

Prop. 3. — Theorem. K a straight line drawn through 
the centre of a circle bisect a straight line in it which does 
not pass through the centre, it shall cut it at right angles, 
and if it cuts it at right angles it shall bisect it. 

Prop. 31. — Theorem. In a circle, the angle in a semi* 
circle is a right angle, but the angle in a segment greater 
than a semicircle is less than a right angle, and the angle 
in a segment less than a semicircle is greater than a right 
an^e. 

Euclid, Book VI. 

• Prop. 2. — Theorem. If a straight line be di*awn paral- 
lel to one of the sides of a triangle, it shall cut the other 
sides or those produced proportionally, and if the side or 
the sides produced be cut proportionally, the straight line 
which joins the points of section shall be parallel to the 
remaining side of the triangle. 

Prop. 33. — Theorem. In equal circles, angles whether 
at the centres or circumferences have the same ratio which 
the circumferences on which they stand have to one an- 
other, and so have the sectors. 

Many of the following problems can be worked in seve- 
ral ways, but to avoid confusion, I will as much as possible 
confine myself to that single solution which I consider the 
best and most simple, indicating the propositions of 
Euclid demonstrating them. 

All the problems and illustrations given in this work 
should be constructed at least twice or three times larger 
than those exemplified in the diagrams. 
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PRACTICAL GEOMETRY. 

1. At a given point C upon a given line AB to erect a 

perpendicular. {Euclid 4 and 8» I.) 

From as a centre and with any radius describe the 
semicircle DE. From the points D and E as centres, and 
with any radius greater than DC or EC^ describe arcs 
intersecting each other in F^ join CF^ the perpendicular 
required. 

2. At the extremity B, of a given line AB, to erect a per- 

pendicular. {Euc. 31, m.) 

Any where above AB determii^e the point C. 

From C as a centre, with radius CB, describe the arc 
DB, intersecting AB in E. Through C draw the line 
ECD, and join DB, the perpendicular required. 

Another method, exemplified at the extremity A of the 
given line, is also often useful. 

From A as a centre, and with any radius, describe the 
arc FG. From F, with radius FA, describe the arc AH ; 
and from H, with the same radius, describe the arc AK. 
From H and K, as centres, describe two arcs intersecting 
in L, and draw LA, the perpendicular required. 

3. From a point in space C, nearly opposite the extre- 

mity of a given line AB, to drop a perpendicular. 

{Euc. 31, m.) 

Draw any line CD, cutting AB in D, and bisect it in E. 
From E as a centre, with radius EC, describe the arc CBD, 
imd draw the perpendicular C B. 

4. From a point in space G, over a given line AB, to 

drop a perpendicular. • {Euc. 4 and 8, I.) 

c2 
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From G as a centre, with any radios greater than its 
distance from the given line, describe an arc cutting AB 
in H and K. 

From H and K as centres, describe two arcs intersecting 
in L, join GL, meeting AB in M. 

5. Through a given point C, to draw a line parallel to a 

given line AB, {Euc. 27,1. and 27,111.) 

From C aa a centre^ with any radios, describe the 
arcDE. 

From D as a centre, with the same radios, describe the 
arc CG. 

Make the chord DE eqoal to the chord CG, and draw the 
line CE, which will be the parallel required. 

6. To bisect a g^ven line AB. {Euc. 4 and 8, 1.) 

From the extremities of the line A and B, and with any 
radios greater than half the whole length of the line, 
describe arcs intersecting above and below it, in C and D. 

The line CD being drawn, will bisect AB. 

7. To divide a given line AB into any number of equal 

parts (say nine.) {Euc. 2, VI.) 

From A draw the line AC of any convenient length, 
and at any angle with AB (an angle from 45° to 60° is 
usually found the most convenient) with any convenient 
distance on the compass step on AC nine equal parts. 

From the ninth, or last space C, draw a line joining 
CB, and from each of the other points draw parallels 
toCB. 

N.B. — It is evident that this problem, which is of most 
frequent occurrence in Geometrical drawing, useful in the 
constroction of scales, and on which the construction of 
the sectoral lines depends, yriH also enable to divide given 
lines according to any given ratio. 
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8. To bisect & given angle^ CAB. {Euc. 8, I.) 

From A as a centre^ with any radius, describe an arc 
catting AB and AC in D and E. From D and E as 
centres, describe arcs intersecting in G, draw AG the 
bisecting line required. 

9. Upon a given line DE to construct an angle equal to 

the given angle, BAC. (Euc. 8 I. and 27, m.) 

From A as a centre, with any radius, describe the arc 
HG intersecting AB and AC. 

From D as a centre, with the same radius, describe the 
arc KL. 

Measure with the compass the chord GH, and transfer 
it to KL, join DL. The angle KDL will be equal to BAC. 

10. Upon a given line HK, to construct auy rectilineal 

figure similar and equi-angular to a given figure 
of the same, or of a different size. {JEuc. 8, 1, and 

27, m.) 

Let AB, CD, EF, and G, be the given figure, and HK 
the g^ven line. 

From A as a centre, draw the lines AC, AD, AE, AF, 
AG, and from B draw similarly the lines BG, BF, BE, BD 
and BC. From A and B as centres, describe the arcs 1 -6 
and 7-12. From H and K as centres, describe with the 
same radius the arcs 13-18, and 19-24. From the point 
1 measure separately all the chords 1-6, 1-5, 1-4, 1-3, 1-2, 
and transfer them to 13-18, 13-17,13-16, 13-15, and 13-14; 
repeat the same operation with the chords 7-12, 7-11, 7-10, 
7-9, 7-8, and transfer them likewise to 19-24, 19-23, 19-22, 
19-21, and 19-20. From H and K respectively draw in- 
definite lines through 14, 15, 16, 17 and 18, and intersect 
them by lines drawn through 20, 21, 22, 23, and 24. 

Through these points of intersection draw the lines HL, 
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liM, MN, NO, OP, and PK, which will form on the base 
HK a figure similar and equiangular to the given one* 

11. To determine the direction of a line that would pass 

from any intermediate point through an angle 
formed by the direction of two Enes, which, if pro- 
duced, would fall beyond the limits of the drawing. 

Let AB and CD be the given lines, and E the interme- 
diate point, through E draw BED, and draw AC parallel 
to it. Draw the diagonal ADj and draw EF parallel 
to CD, and FG parallel to AB. Join E6, the line re- 
quired. 

12. To determine the direction of a Hne that would bisect 

a given angle formed by the direction of two lines, 
which, if produced, would fall beyond the limits 
of the draVing, and to inscribe a circle of a given 
radius tangent to both lines. 

* Xet AB and CD be the given lines, 3 inches long, so 
placed that A is 1 inch from C, and B 2 inches from D. 
Let the diameter of the proposed circle equal 1-5 inches. 

Draw anywhere EF parallel to CD, so as to form the 
angle FEB. From E as a centre, with any radius, describe 
the arc 6H. Draw the chord 6H produced to E, and 
bisect 6K (prob. 6) in LM. 

Draw AN perpendicular to AB, and equal to '75 inch, 
the radius of the proposed circle. Draw NO parallel to 
AB, and cutting LM in P« 

From P as a centre, with the length AN as a radius, 
describe the required circle, which will be tangent to AB 
and CD. 

13. Through three given points, A B and C, not in the 

same straight line, to describe a circle. {Euc. 39, 

m.) 
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Bisect the distances AB and BC (prob. 6) by straight 
lines meeting in D. 

From D as a centre^ with radius DA, describe the circle 
which will pass through the three points. N.B. — ^Problems 
to find the centre of a circle, to .complete the circle whose 
centre is lost, to describe a circle round a triangle, &c., 
may be solved in a similar way. 

14. From a point A, without the circumference, to draw 

a tangent to a circle, BCD. (Euc. 16 and 31, IQ.) 

Join the centre E to the given point A, and bisect AE 
inG. 

From G as a centre, describe the arc EHA, cutting the 
circumference in H. Join AH the tangent required. 

15. At a given point A, on a given circumference ABC^ 

to draw a tangent. {Emc. 4 and 8, I.) 

From the centre D draw DAG, and make AG equal to 
AD, bisect DG, and the bisecting line HK will be tangent 
at A to the given circumference. 

16. Through two points on the circumference of a circle 

90® apart, to draw tangents. {Euc. 16, III.) 

Let ACG be the given circle, A one of the given points, 
and B the centre of the circle. From A as centre with 
radius AB, describe the arc BCD. Make CD equal to 
CB, and with the same radius bisect CD by arcs inter- 
secting in E, draw EA, the first tangent cutting CD in H. 
From H, with the same radius, cut the circumference in K. 
Join HK, the second tangent required, which will be at 
right angles with AH. 

17. The circle and tangent being given, to find the point 

of contact. Let the line AB be tangent to the 
circle CD. {Euc. 4 and 8, 1.) 
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From centre E^ with any radius greater than that of the 
given circle^ draw arcs catting AB in G and £L From 
G and H respectively, describe arcs intersecting above AB 
m K» Join KE, catting AB in L, the required point of 
contact. 

18. On a given straight Une D£^ to describe a segment 

of a circle that will contain an angle equal to a 
given angle ABC. {Euc. 33, III.) 

Make the angle EDF equal to the i^gle ABC and 
draw DH at right angles to DF. Bisect DE in G and 
erect the peipendicular GK cutting DH in L. From L 
as a centre with radius LD describe the segment DME, 
every angle contained by which will be equal to the ^ven 
angle ABC. 

N.B. — ^The student will find this proposition most im- 
portant, and of a very frequent use in the questions given 
at the examinations. 

19. From a given circle, to cut off a segment that shall 

contain an angle equal to a given angle. {Emc. 

34, m.) 

Let ABC be the given circle, DEG the given angle. 
{This proposition is the converse of the preceding one.) 
From the centre L draw LA as radius, and make AH 
perpendicular to it and tangent to the circle : make the 
angle MAH equal to the angle DEG: all the angles 
contained by the segment AMBC will be equal to the 
angle DE6. 

20. On a given straight line AB to describe an isosceles 

triangle having a given vertical angle EFG. 

Produce AB in C and make the angle CBD equal to 
the angle GFE. Bisect the angle ABD in H and draw 
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BH: make the angle BAH equal to the angle ABH 
and the angle AHB will be equal to the angle EF6. 

21. To construct an equilateral triangle of a given height 
AB. 

Make the line AB equal to the given height^ through 
A draw CD perpendicular to it and through B draw EP 
parallel to CD. From B as a centre with any radius describe 
the semicircle EGF and make the chords EK and FH 
equal to the radius BE or BF. From B through K and 
H respectively draw the lines BK and BH produced so 
as to meet CD : BCD will be the triangle required, 

22. To construct a triangle whose sides equal 3 given lines 

A-B, B-C and C-A 

A B 

B 

C A 

Draw A' B' equal to AB. 

From A' as a centre with radius AC describe an arc, so 
that 

From B, as a centre with radius BA it may be cut by 
another arc in C. 

ABC will give the triangle required. 

23. *To reduce any rectilineal figure to a triangle, or to 

any other irregular polygon of a less number of 
sides. {Euc. 37, 1.) 

Let ABCDEF be the given figure. 
Produce indefinitely on both sides the base AF towards 
K and G. 

Join AC and draw BG parallel to AC : join CG. 
Join DF and draw EH parallel to DF and join DH. 
The figure GCDH will equal the given figure : now to 
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reduce it to a triangle^ join CH and draw DK parallel to 
CH and join CK. 

Hie tiiaDgle 6CK wiU equal in area the figure 
ABCDBP. 

24. To find a third proportional to two given lines AB 

and BC. {Euc. 11, VI.) 

A 1 B 

B ' C 

Draw any angle DEG and make EH equal to AB^ 
and EK equal. to BC^ and join HK. 

Make KL equal to AB and draw LN parallel to 
KH. 

HN wiU be the third proportional required. 

25. To find a fourth proportional to three given lines. 

{Euc. 11, VI.) 

A 1 ^B 

B ! C 

C ? D 

Draw two lines forming any angle DEG. 
And make EH equal to AB, EK equal to BC and join 
HK. 

Make HL equal to CD and draw LM parallel to HK. 
KM will be the fourth proportional required. 

26. To find a mean proportional between two given lines. 

{Euc. 6 and 8, VI.) 

Let A B B — C equal the given extremes. 

Draw A — C equal to the sum of AB + BC and bisect it 
inD. 

From D as a centre describe the semicircle ABC and 
draw BE perpendicular to AC : BE will be the mean 
proportional required. 
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27. To coDstmct an equilateral triangle equal to a scalene 

ABC. 

On AB as a base construct the equilateral triangle 
ABD and parallel to AB^ draw CE meeting DA 
produced : find the mean proportional AF between DA 
and AE^ and from A as a centre^ describe the sector FG 
whose side AG wiU form the base of the equilateral 
triangle required. 

28. To transform any irregular figure into a regular poly- 

gon of equal area^ say^ the irregular heptagon 
ABCMDEF into a pentagon. 

Beduce the irregular heptagon to the triangle KLM^ 
{problem 23). 

Divide the base KL into as many equal parts as there 
are sides in the polygon required (in this case, five). From 
K as a centre, with radius KN (J- of KL), describe the 
arc NO on MK produced : draw KP mean proportional 
between MK and KO and from K as centre, with radius 
EIP describe a circle which will inscribe the polygon 
required^ and of the same area as the given figure. 

N.B. — ^The inscribed polygon may be obtained either 
Geometrically, by sector, or by determining the angle MKB 
(in this case 72^) equal to the value of the angle at the 
centre of the pentagon. 

29. To transform a given irregular figure to a square of 

equal area. 

Beduce the figure to a triangle ABO. {Euc. 37, I.) 
From the apex B draw BD perpendicular to AC, and 
bisect BD in E, through E draw GH parallel to»AC, 
and draw GA and CH parallel to BD. Find the mean 
proportional AK between the two sides of the paral- 
lelogram AC and AG : AK will be the side of the square 
required. 
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30. To constract a figure of given area^ eay a triangle of 

3.73 square inches. 

Make a parallelogram of 1 inch side by 3.73 inches 
base; whose area will evidently equal 3.73 square 
inches. Beduce it to a triangle by doubling the height of 
the side and drawing a diagonal from the apex to the 
further extremity of the base. 

N.B. — We have already explained how any triangle 
could be transformed into any polygon of equal area. Scale i* 

31. To divide a straight line into mean and extreme 

ratios. 

Let AB be the given line. 

Draw AG perpendicular to it^ and equal to half its 
length. 

Join BC : With radius CA describe the arc AE and 
with radius BE describe the arc ED^ then BD will be 
the mean and DA the extreme i*atios. 

BA : BD : : BD : DA. 

32. To transform a given triangle into one similar^ and 

equiangular to another triangle of a dijfferent shape 
and having a different area. 

Let ABC be the triangle to be reduced to the shape of 
the triangle DEF : 

Make the angle BAG equal to the angle EDF. 

Draw CG parallel to AB and join GB : 

Make the angle ABK equal to the angle DEF. 

Then the triangle ABK will bo similar to the triangle 
DEF, but greater than the triangle ABG by tho tri- 
angle GBK. 

Draw GL parallel to BK. 

The triangle ALG will bo similar to DEF, but of less 
area than ABG by the contents of the triangle LBG. 
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Find GM mean proportional between AG and GK, 
and from A as a centre^ with radius AM, describe the arc 
MN, and draw NO parallel to BK. 

The triangle ANO will be similar and equiangular to 
the triangle DEF, and equal in area to the triangle ABC. 

S3. To reduce the triangle ABO to a polygon of equal 
area but similar and equiangular to another poly- 
gon, DEFGH. 

Make the triangle ABL similar and equiangular to the 
triangle FGH, and draw CK parallel to BA. 

Reduce to a triangle GHI, the polygon DEFGH. 

Divide BK at M, in the same ratio as IG is divided in F. 

Find BO mean proportional between BL and BM, and 
draw OP parallel to AL. -♦ 

On OP as a base, construct the trapezium OPQR, simi- 
lar and equiangular to the trapezium HFED, and the 
polygon BPQRO will be equal in area to the triangle ABC 
and similar and equiangular to the irregular polygon 
DEFGH. 

34. To construct a square equal in area to the sum of 

any number df squares (say 3) whose sides are 
given. Let the sides of the squares equal 1^ 1.25 
and 2 inches respectively. {Euc. 47, 1.) 

Draw AB equal to 1 and AC equal to 1.25 inches^ and 
at right angles to AB : Join CB. Draw BD equal to 2 
inches^ at right angles to CB, and join DB. CD will be 
the side of the square equal in area to the sum of the three 
given squares. 

35. Construct a circle equal in area to the sum of any 

given number of circles (say 3) whose radii equal 
1, 1.25 and 1.5 inches respectively. 
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Make AB eqnal to the radius 1^ and draw AC at right 
angles to it^ equal to the radius 2, join CB^ draw BD at 
right angles to CB and equal to the radius 3, and join CD ; 
from D with radius DC describe a circle whose area will 
be equal to the sum of the three given circles. 

36. To divide a circle into any number of concentric rings 

whose areas will bear given ratios to each other. 

N.B. — nis proposition is the converse of the preceding. 

Let A be the centre and BCDE the circumference of the 
proposed circle j draw the radius AB and divide it ac- 
cording to the required ratios^ (say 3 equal parts) A — 1^ 
1 — 2, 2 — B. Bisect AB in F, and from F as a centre 
describe the semicircle B6A. On AB erect the perpen- 
diculars 1 — 3 and 2—4. 

A circle described from A, with radius A — 4, will cut 
off a ring equal in area to ^ of the area of the circle. 

A second circle described from A, with radius A — 3, 
will give a second ring equal in area to the first and to 
the remaining central circle. 

37. On a given base^ AB^ to construct a regular pen- 

tagon. ^ 

Bisect AB in C, and erect the perpendicular CF. 

Make CD equal to AB, and AD produced towards E. 

Make DE equal to AC^ and with the radius AE describe 
the arc EF ; from A, B and F as centres, with radius 
equal to AB, determine the points 6H, and complete the 
pentagon. 

38. On a given line, AB, to . construct regular polygons 

from the hexagon or the dodecagon, and subse- 
quently from that of 1 2 to 24 sides. 

Bisect AB and draw the perpendicular CF indefinitely 
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produced towards D. From A and B as centres, and 
with the radius AB, describe the two indefinite arcs inter- 
secting in F. Divide the arc BF in six equal parts, and 
from. F as a centre describe a series of concentric circles, 
1_7^ 2—8, 3—9, 4—10, 5—11, 6—12, meeting on CFD. 
The circle drawn from centre F, with radius EB, will con- 
tain AB 6 times. The circle described from centre 7, 
with radius 7B, will contain AB 7 times. The circle de- 
scribed from centre 8, with radius 8B, will contain AB 8 
times, and so on till the circle drawn from centre 12, with 
radius 12B, which will contain AB 12 times. 

For the second part of the problem divide the arc AF 
into 12 equal parts, and from F take as many parts as are 
required above twelve to complete the required polygon. 

Should we, for instance, require a septodecagon, or 
polygon of seventeen sides : from F we should take FG 
= ^ of the arc FA, and transfer it on the perpendicular 
D in H, then make HK equal to HA, the point K would 
be the centre, and KA. the radius of a circle containing 
17 times the base AB. 

39. A circle being given, to find the length of the side 
of any polygon that it might contain, from the tri- 
angle to the dodecagon. 

Draw the circle BCDE and its two diameters BD and 
CE, intersecting at right angles in A. From D, with 
radius DA, describe an arc cutting the circumference in F 
and G ; join FG, whose length will equal that of the side 
of an equilateral triangle contained by the circle. 

The length BC will give the side of a square. 

From H, centre of FG, with radius HE, describe the 
arc EK the distance EK will equal the length of the side 
of a pentagon. 
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FD eqo&ia the aide of a hexagon^ HG the side of a hep- 
tagon. 

BL, the chord of half the arc BG^ equals the side of an 
octagon. 

From Bj with radios BF^ describe the arc FM^ and firom 
M transfer the distance BM to N ; the line NG will eqnal 
the side of a nonagon. 

AK will be the side of a decagon. From D, with radios 
DH^ describe the arc HO, and from'H, with same radios^ 
cot it in P ; then from O as centre^ with radios OP^ de- 
scribe the arc PB^ and join HB for the side of an on- 
decagon. 

The distance EF will equal the side of a dodecagon. 

40. The transverse and conjogate axes of an ellipse 
b^g giveiif to find the foci^ and to draw the figore 
» by means of loci determined hj radii vectors. 

Let AB eqoal the transverse or major axia^ and GD in- 
tersecting AB at right angles in E^ eqoal the length of 
the conjogate or minor axis ; then, from G and D reapec- 
tively as centres, with radioa eqoal to AE, determine the 
points GG, the foci of the ellipae. 

On one of the semi-major axea, either AE or EB, take 
any point F, and with the diatance FB aa radios, and the 
pointa GG aa centrea, deacribe the area KKKK; with 
diatance FA aa radioa, and the pointa GG aa centrea, de- 
scribe arcs intersecting KKKK in LLLL (those pointa 
thoa determined are termed the loci, and the spaces oaod 
as radii to determine them are termed radii vectors). 

Take any other point, H, or aa many more aa may be 
reqoired, and repeat the same operation. A corve drawn 
by the hand, and passing throogh every locos, will com- 
plete the ellipse. 

This is the true mathematical ellipse, bot amonpf the 
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many different modes of constracting that figure, the most 
simple and practical is perhaps the following : — 

41 . The length of the two axes being given, to construct 

the ellipse by means of a slip of paper. 

On a slip of paper about .1 of an inch broad, determine 
the distances GK, equal to half the major axis AE, and 
HK, equal to half the minor axis DE. Let AB and CD, 
intersecting in E, as in the previous example, repre- 
sent the transverse and conjugate axes. 

Move the slip of paper in such a manner that the points 
H and Q shall always coincide with the two axes, i.e.y the 
point G with some part of the minor axis CD, and the 
point H with some part of the major axis AB, determining 
at the extremity K of the slip, with a fine pencil, as many 
points or loci as may be desired, as 1, 2, 3, 4, 5, 6, &c. ; 
through those points determine the circumference of the 
ellipse. 

42. At a given point on its circumference to draw a 

tangent to an ellipse. 

Let A be the given point and B and C the foci. 

Join BA and CA, and bisect the angle BAG by the per- 
pendicular DE. 

Through A draw EG at right angles to DE : EG is the 
tangent required. • 

43. From a point in space K to draw a tangent to an 

ellipse. 

Draw any three lines, KL, KM, KN, each one cutting 
the ellipse in two points, OL, PM, and 9^ ; join MO and 
LP, also MQ and NP, by lines intersecting; through tlio 
intersections TV draw the line RS, which will determine 
the points of contact of the tangents KS and KR. 

D 
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44. An ordinate A6^ and the abcissa CD of a parabola 

being given, to describe the curve by means of in- 
tersecting points. 

Make AB equal to the given ordinate, and bisect it in C. 

Draw CD perpendicular to AB, and equal to the height 
of the abcissa. 

Bisect AC in E, and produce CD towards H and F. 

Draw EP at right angles to DE. 

Prom D as a centre, with radius CP, determine the 

points G for the focus and H for the directrix. Between 

G and C draw any number of ordinates parallel to AB, 

and from G as a common centre, with the distance 

1 -TT 5 *® * radius, deter- ) g^ ( intersecting ) •• 
" ( mine the points ) ( the ordinate J 

2-H „ LL „ 2 

3.H „ MM „• 3 

4.H „ NN „ 4 

through these points from the vortex D draw the curve by 
the hand. 

45. At a given point D on its curve, to draw a tangent 

to a parabola. 

Let ABC be the parabola, EB its abcissa indefinitely 
produced towards F, and D the given point. 

From D draw the semi-ordinate DG, at right angles to 
EB. 

From B as a centre make BH equal to BG, and through 
D draw HX, the tangent required. 

46. The transverse and conjugate axes of an hyperbola 

being given, to construct the curve. 

Make the line AB equal to the length of the given con- 
jugate axis, bisect it in C, and produce it indefinitely on 
both sides towards X and Z. 



GEOMETRICAL DRAWINa. 35 

At right angles to AB draw DAE equal to the length 
of the tFansverse axis. 

Prom C as a centre draw DCF and BCG for the asymp- 
totes. 

From C, with radius CD, describe the circle DHBFKG, 
determining the two foci H and K ; on the abcissa AX 
take any point It, and with distance LA as a radius^ and 
from the focus H as a centre, describe the arcs NN. 

With LB as radius and from K as a centre, cut those 
arcs in 00. 

Take any other point, M, and with distance MA from 
centre H, determine the arcs PP. With distance MB as 
radius, and from centre K, cut those arcs in QQ. 

And so on with any other number of points, the arcs 
produced by which will approach nearer and nearer to the 
asymptotes, but never touch them ; through these points 
the curve is drawn by the hand. 

47. To describe a circle equal in area to a given ellipse, 

whose transverse AB, and conjugate diameter CD 
intersect in E. 

Find EG, mean proportional, between AE and EC. 
From centre E, with radius EG, describe the circle GHIK, 
whose area will equal that of the ellipse. 

48. On a given major axis AB, to construct an ellipse equal 

in area to the given circle CDEF, whose centre is 
made to coincide with the centre of the given line. 
Draw the diameter EC of the circle perpendicular 
to AB, join AC, and bisect it in G. Draw GK 
perpendicular to AC, and from K as a centre, 
with radius KC, describe the arc CL. From M 
as a centre, with radius ML, describe the arc 
LO, 0'. AB >vill be the major, and 0, 0' the 
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minor axis of the ellipse, whose area (when com- 
pleted in the usual way) will equal that of the circle 
CDEF. 



49. The following practical approximations to mathema- 

tical impossibilities may also at times prove useful. 
They are founded on the assumption that every 
minute space taken on the circumference of a circle 
is equal to a straight line. 

To construct a triangle equal in area to a giveji circle. 

Let ABCD be the given circle, whose diameter AC BD 
intersect at right angles in M. Draw AE AE' tangent to 
the circle. With a very minute opening, step the compass 
on the arc from A to B (each of these minute spaces will 
be considered as bases of equal isosceles triangles, having 
their common vertex at the centre of the circle M.) The 
same number of those equal spaces being transferred on 
the tangent AE from A to G, and the line MG being 
drawn will evidently present a right angled triangle equal 
in area to the quadrant AMB ; on AE' make AG' equal 
to AG. The triangle G' MG will equal the semicircle DAB. 
If now we join CG, CG', the triangle G'C, G will evidently 
equal the area of the circle. 

We have already explained how a triangle might be 
converted into a parallelogram, a square, or into any other 
polygon. 

50. To reduce to a circle the scalene triangle ABC. 

Bisect the base AB in D, and erect DF perpendicular 
to it. Draw CF parallel to AB, from F as a centre de- 
scribe the circle DOP, and reduce this circle to the triangle 
FGH : find DI mean proportional between DA and DG, 
and draw IK parallel to GF. From the point K as a 
centre, draw the circle DMN, which will be equal in area 
to the triangle ABC. 
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The following exercises^ as well as those throughout 
the work, are founded on questions given at the Artillery, 
and other examinations. 

Exercises. 

1. Draw a straight line 2 inches long, intersecting at 
right angles another straight line 3 inches long. 

2. Draw a straight line 2.78 inches long, and from its 
right extremity drop a perpendicular without adding to the 
length of the line. 

3. At the left extremity of the same line, and without 
producing it, erect a perpendicular. 

4. Determine (with compass only) a point in the pro- 
longation of a straight line, which is not to be produced, 
at ] .7 inches distance from it. 

5. Divide a line 3.7 inches long into eleven equal parts 
(by construction.) 

6. (With compass) through a point at 1.685 inches 
above the right hand extremity of "a line 4 inches long, 
draw a line parallel to it, and of equal length. 

7. Describe a circle of 1 .64 inches radius, and draw two 
tangents intersecting each other from two points on the 
circumference 90° apart, erect perpendiculars to both 
tangents at points one inch distant from their intersection. 

8. Draw three circles, each with a diameter of 1 .5 inches, 
so that each circle may touch the other two, ink in one 
circle with a thick line, one with a thin line, and the third 
with a dotted line. 

9. Draw three circles, whose diameters are respectively 
1.7, 1.9 and 2.6 inches, so that each circle touches the 
other two. 

10. Draw two straight lines, 1 .85 inches long, forming 
an angle of 105°, and di*aw a circle of .69 of an inch 
radius, touching both lines. 
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11. Assume two points A and B, 1.68 inches apart, 
and with a radius of 1.88 inches describe an arc passing 
through them. 

12. Assume 3 points, A, B, and C, not on the same 
straight line, and describe a circle passing through them* 

13. Draw two lines, AB, BC, 3 inches long, forming at 
B an angle of 69^, and bisect the angle. 

14. Draw two straight lines, AB and CD, each 6.5 
inches long, and so inclined towards each other that A is 
1.2 inches from and B is 2 '78 inches from D. Draw a 
straight line, which, if produced, would pass through the 
intersection of their prolongations. 

15. Describe a circle of .78 of an inch radius, which shall 
be tangent to two lines, forming an angle of 47°. 

16. Describe a circle of 1 .7 inches radius, and from a 
point at 1.9 inches from its centre, draw a tangent to it, 
and on the opposite side, at a given point on the circum- 
ference, draw a tangent without using the centre. 

17. Draw two lines, AB and BC, each 5 inches long, 
and forming an angle of 30°, describe a series of circles 
touching each other and tangent to the lines, commencing 
with a radius of .4 of an inch. 

18. Draw tangents to two giveu circumferences, whose 
centres are, at 4 inches distance from each other, and whose 
radii are 1 and 1.7 inches respectively. 

19. Draw nine parallel lines half an inch apart, passing 
through points .8 of an inch apart, on a line 7.2 inches long. 

20. Find the mean proportional between two given 
lines 2.62, and 3.46 inches long. 

21. Find the third proportional to two lines respectively 
2 and 2.9 inches long, 

22. Find a fourth proportional to three lines respectively 
2, 3.2 and 4 inches long. 



GEOMETKICAL DRAWING. 39 

23. Out astiraight line 5.7 inches long into extreme and 
mean ratios. 

24. (By compass only) with a radius of 4 inches, de- 
scribe an arc of 120°, and determine angles of 15°, 30% 
45°, 60°, 75, and 90°. 

25. Draw arcs of 68°, 105°, and 169° respectively, 
tangential to each other. 

26. Construct a triangle, having two of it« sides 3 and 
2.85 inches respectively, and the included angle 58°, 
figure the remaining angle and the length of the third 
side. 

27. Construct a triangle equal to the above, and in it 
inscribe a circle. 

28. Assume three points A, B and C, so that the lines 
joining AB and BC are respectively If and 2.1 inches, and 
make with each other an angle of 132°, describe a circle 
passing through the three points. 

29. Construct a triangle ABC, of which the base AB 
equals 2.72 inches. The angle BAC 58° 45', and the angle 
ABC 46° 1 5', find the length of the sides AC and BC 
with minute accuracy, and ink in the triangle with a very 
fine line. 

30. Reduce a square of 1.9 inches side to an isosceles 
triangle of equal area. 

31. Draw any six sided figure of no less area than 4 
square inches, and reduce it to a triangle of equal area. 

32. Construct a triangle having its sides AB = 1.7, 
BC = 2.85, and Cx\ = 3.16 inches respectively, and reduce 
it to a right angle triangle of the same altitude. 

33. A triangle has two of its sides equal to 180 and 
260 yards, and the included angle is 68°, give the value of 
the remaining angles and side and reduce the figure to a 
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rectangular parallelogram of tlie same area. Scale 60 to 
1 incli. 

34. A triangle ABC has its sides respectively 1.4, 2.1^ 
and 2.4 inches long^ determine by scale of chords the 
number of degrees and minutes contained by each angle ; 
reduce the figure to a square. 

35. From a point AB in a line C^ make an angle^ ABD^ 
equal to 105°, using compass only, without protractor or 
sector. 

36. The sides of a triangular piece of ground are re- 
spectively 360, 640, and 730 yards ; draw its plan. Scale 
200 to 1 inch. 

37. Construct an equilateral triangle 2.5 inches high, 
circumscribe it by a circle, and in it inscribe a square. 

38. Around a square construct a triangle having two of 
its angles respectively 57° and 69°, and in the square in- 
scribe an equilateral triangle. 

39. Describe a circle of 1.3 inches radius, and from a 
point at 2.4 inches from its centre draw a tangent to it. 
On the opposite side draw a tangent through a given 
point on the circumference, without using the centre. 

40. From a circle 1.7 inches radius cut oflF two seg- 
ments containing angles of 46° and 98°. 

41. On a base of 3.12 inches describe a segment of a 
circle contining an angle of 123°. 

42. Construct a triangle having two of its angles equal 
to 42° 45' and 107° 15' respectively, and the side opposite 
the larger angle 3.7 inches long; find the length of the 
other sides and figure them. 

43. Describe a circle with a radius of 2.25 inches, and 
draw a chord cutting oflF from it an angle of 47°. 

44. Draw a straight line 3.48 inches long, and divide it 
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in the proporidon of the numbers 8^ 2, 5^ and 3 ; figure the 
spaces. 

45. In a triangle, ABC, AB is 160 yards, BC 190 
yards, and AC 280 yards ; find by construction a point X, 
when the angle AXB = 61 .30, and BXC = 43.45^ Scale 
100 to linch. 

46. From a point. A, the angles between the points B 
and C and C and D are 42° and 57° ; the lines joining BC 
and CD are respectively 900 and 1600 yards long, and 
form at C on the line nearest A an angle of 140°. Find 
the point A and determine the distances of the lines AS, 
AC, and AD. Scale 500 to 1 inch. 

47. The distance from A to B = 2.7 miles, and from B 
to C 1.85 miles, and these three stations are in the same 
straight line. I travel (not in the same straight line) from 
C to the station D, and then observe that the stations B 
and C subtend to my eye an angle of 47°, and the stations 
A and B an angle of 32° ; find the distances of the station 
D from A, B and C. 

48. Construct a square of one square inch area, and a 
parallelogram of 1 inch wide, whose area equals 3.72 square 
inches. 

49. Construct a triangle of 5.58 square inches area, one 
of whose angles = 48° 45', and another angle 56° 30'. 

50. In a triangle, ABC, the line AB = 277 yards, the 
opposite angle C = 83°, and the side CB = 188 yards; 
construct the figure, and from it subtract a triangle equal 
to ^ of its area, reducing the remainder to its original 
shape. 

51. Step 12 equal distances of .3 inch along a line, from 
every alternate point of division of which as a centre, de- 
scribe a semicircle of .3 inch radius, to be alternately on 
opposite sides of the line. 
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52.' The three sides of a triangle are respectively 3, 4.5, 
and 5 inches long ; reduce the figure to a regular penta- 
gon of equal area. 

53. Construct the figure denoted by the following mea- 
surements : — 

AB = 275 yards. 

BO = 180 yards. 

AC = 350 yards, the angle BCD= 147°. 

CD = 185. 

DE = 265. 

BE = 325. 

Find the distance firom A to E and note it in yards. 
Reduce the figure to a triangle of equal area, and note its 
contents in square yards. Scale 100 to 1 inch. 

54. Find and figure the length of the mean propor- 
tional between two lines respectively 2.76 and 1.3 inches 
long. 

55. A four sided field has its sides AB=188 yards, BC 
92 yards, CD 117 yards, AD 78 yards, and the distance 
from D to B = 132 yards. Construct the figure and show 
the distance between the points A and C. Scale 50 to 
1 inch. 

56. Reduce the above to a square, showing its contents 
in square yards. 

57. Construct on a scale of 50 yajds to 1 inch the irre- 
gular polygon of which the following are the dimensions : 

^=227 ^!'^}^C = 205 yards. 

CD = 135 „ AD = 186 yards. 
The angle BAE=142, and the angle CED = 118^ 
Round ofi* each of the angles of the figure with arcs of 
circles of .75 inch radius. 

58. Construct a six sided figure, ABCDEF, and reduce 
it to a triangle of equal area. Scale 400 to 1 inch. 
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AB=600 



BC=800 1 ^^ angle ABC =150°. 

CD = 700 the angle BCD = 1 20° 

AT =900. 

FE=850. 

DE=550. 

59. On a scale of 40 to 1 inch constmct the irregular 
figure, ABCDEFQ, according to the following dimen- 
Bions: 



I the angle ABC =143°. 



AB=164 feet 
BC = 117 „ 

CD= 96 „ 

AG=nO .. and from B to G = 218 feet. 



CD= 96 „ the distance from B to D = 1 72 feet. 



i9 



GF= 84 „ the angle AGF = 113°. 
FE= 65 „ 
DE=127 „ 

60. Draw twelve concentric rings .1 7 of an inch apart, 
the enter one having a radius of 3.2 inches, lay a flat wash 
of indian ink between every alternate ring. 

61. Draw three concentric circles of 1.7, 2.5, and 3.2 
inches diameter, divide the circumference of the outer 
circle into 15 equal parts, and from these points of divi- 
sion draw lines radiating towards the centre, and stopping 
alternately at the middle and inner circles. 

62. Divide a line .92 inches long into 14 equal parts. 

63. By the diagonal method, divide a line 1.32 inches 
long into 140 equal parts. 

64. Construct a square equal in area to the sum of 
four squares of 1.3, 1.5, and 2.1 inches side, and of a 
circle of 2 inches diameter. 

65. Describe a parallelogram of 4.27 inches area, whose 
height equals 1.5 inches. 
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66. Constract a square of 4.58 inches area. 

67. Construct an isosceles triangle having a vertical 
angle of 68°, equal in area to the sum of 5 squares, whose 
sides are respectively J, f, ^, -|, and 1.115 inches long. 

68. Construct a square equal to §, the area of the above 
triangle. 

69. Find by construction a fourth proportional to three 
lines respectively 2\, 3f g, and If inches long. 

70. Construct a square 1.3 inches high, and inscribe in 
it an equilateral triangle containing a circle tangent to its 
sides ; describe about the square a triangle having two of 
its angles 57° and 46°, and describe a circle passing 
through its angles. 

71. In an equilateral triangle 2.7 inches high inscribe a 
square, and also describe a square around it. 

72. Divide a straight line 5.67 inches long into 12 equal 
parts, and through the points of division draw parallel 
lines .25 inch apart, inking them alternately dotted and 
continuous. 

73. Draw a straight line AB 3.1 inches long, assume a 
point C .87 inches above B in such a position that a line 
joining BC would be perpendicular to AB. Describe a 
circle passing through C, and touching B at a point .78 
of an inch from A. 

74. Describe a circle of 2.47 inches diameter, and in it 
inscribe a triangle having angles of 49, 78 and 53°. In 
the triangle inscribe a square. 

75. An isosceles triangle having a vertical angle of 
32° stands on a base of 2.55 inches : transform its shape by 
lowering its vertex to within one inch of its base. 

76. Find two points, B and C, that will be at right 
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angles to two other points, A and D, 2.3 inches distant 
from each other. 

77. The angle C at the centre of a polygon being given, 
(say 72°), construct on a base AB, 1.5 inches long, the 
polygon to which it belongs. 

78. Divide a line 6.7 inches long, according to the ratios 
of another line divided severally into ^ of .76 of ^ of J- 
of H^ of .85 of a line 5.2 inches long. (Use sector.) 

79- Construct a triangle having its sides AB and BC 
= to 3.2 and 3.7 inches long and the angle ACD = 47° 
15'. Ascertain and figure the length of the third side 
and the values of the remaining angles. 

80. Draw two lines AB and AC forming at A an angle 
of 39°, and describe a circle of .86 inches radius, tangent 
to both lines. 

81. Draw two straight lines 2.7 inches apart and unite 
them by two curves of contrary flexures, having radii of 
.82 and 1.37 inches respectively, in such a manner that 
each of them shall touch the other, and both be tangent 
to the two straight lines. 

82. Draw a Une 1.8 inches long, and on it describe a 
segment containing an angle of 57°. 

83. The base AB of a triangle ABC = .785 of a line 
2.865 inches long. The angle ABC = 47*^ 45' and the 
angle BAC= 71° 15'. Find very accurately the length 
of the two other sides. On AC as a base, construct 
a regular pentagon, and on BC construct a regular 
nonagon : reduce the whole figure to a square of equal 
area. 

N.B. — In solving this problem (which is intended as a 
recapitulation of the use of instruments) find the length of 
the line 2.865 by the diagonal scale on the protractor and 
its fraction .785 by the line of lines on the sector. The 
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angles are to be obtained by the lines of chords^ and the 
polygons are likewise to be constructed by the lines of 
polygons on the'same instrument. 

Principal Units op Lineal Measures reduced to English 
Inches^ Feet, Yards, Miles, etc. 



Austria . 


Unit. 


Inches. 


Feet. 


Yards. 


Miles. 


■ • 


ZoU (12 linien) . 


.08640 


.02880 






tt 


Fuss or Schuh 


- 


1.03704 


.34568 






t9 


EUe . . . 


- 


- 


.85289 






M 


Klafter (6 fuss) . 


' 


- 


20741 






if 


Rathe (10 fuss) . 


- 


• 


3.4568 






»» 


Meile . 


- 


- 


5863.3 


3.3312 




»« 


Meile Geogra- 














phische 


- 


- 


8100.8 


4.6026 




Baden 


Fuss (foot) . 


- 


.9842 


.32806 






Bataria 


Fuss . 


• 


.95751 


.31917 






>» 


Rathe (10 fuss) . 


- 


• 


3.1917 






Berne 


Pied (12 pouces) 


- 


.9C216 


.32072 






>» 


Anne . 


- 


- 


.59557 






)* 


Perohe . 


- 


- 


3.2064 






Bbloicm . 


Ftirr(11 zolle) 


- 


.90466 


.30155 






>i 


Antwerp foot 


11 240 


.9367 








*» 


Brussels foot 


11.450 


.9542 








»» 


Elle . . . 


- 


- 


.74845 






tt 


Verge . 


• 


- 


4.9255 






»» 


Meile . 


- 


. 


4860.833 


2.7641' 1 


China 


Tch6(foot) . 


- 


1.05 


.3500 






i» 


inile . 


- 


- 


609. 


.3456 




Denmark . 


Foot . 


12.357 


1.02975 


.34325 






tt 


Ell . . . 


_ 


2.05950 


.68650 






England . 


Inch 


- 


.08650 


.02777 






>♦ 


Foot 


- 


1. 0000 


.33333 






tt 


Yard . 


> 


3.000 


1.000 






tt 


Ell . . . 




. 


1.2500 






»« 


Fathom 


- 


- 


2.000 






tt 


Pole or Perch 


- 


~ 


5..'S000 1 




»t 


Chain (100 links) . 


- 


- 


22.000 






tt 


Furlong 


- 


» 


220.000 






»» 


Mile (statute) 




- 


1760.000 


1. 000 




tt 


Mile,(jeographi- ( 


- 


- 


2025.200 






»> 


cal and Nautical ] 


- 


- 




1 


»» 


League 


- 


i» 


6280.000 


3.000 


France 


Millimetre . 


. 


.0033 


.0011 


V 


t\ 


Centimetre . 


- 


.0327 


.0109 


- 


»» 


Decimetre . 


- 


.3279 


.1093 


New 


»» 


Mt^tre . 


- 


- 


1 .0936 


' ) measure. 


»» 


Kilometre 


- 


- 


1093.63 


.62138 


>» 


Myriam^tre . 


. 


- 


10936.33 


6.2138 


»i 


Pouce (I2lignes) . 


- 


.08864 


.02955 


/ 


n 


Pied . 


- 


1.06571 


.35523 


- ;^ 


» 


Toise (6 piods) 


- 


- 


2.13142 


- 7 Old 


i» 


Brasse marine 


- 


- 


1.77618 


^measure. 




(5 picds) 


- 


1 






J 
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UlOT. 


btCUEB 


Fkbt. 


Yabm. 


MlLEB.' 


Fbarck 


Uem! Marine (.US 






4262.84 






degree) 




- 


6875.6 


S.4S19| 




MLIlo MArin (.333 












Hpho) =1 miniile 






SOSS.S 


1.1506 


Cologne . 


FOH . . . 


10.830 


.90SS 






HEIDELBDmSn . 


FnM . 


10.96 


.9133 






Fkankvost-on 












SUlNE 


FUBB . 




.9399 


.3133 






EUb . . . 




1.7703 


.5901 






Hakbitbo . 


Fosa . 
FJIe . 




.9.199 
:.H79S 








Hahovbb . 


Fuss . 
Meilo . 


: 


.9S7a 


7442:^'^^ 


4.2287 




BOIXASD . 


Fass . 

Mcile . 




.9288 


.3096 


3.6387 




bnii " , 


Covido, Huth oi 
Huu 






.75 






Bknoxl . 


„ mile . . 






SOOO. 


1.13G4 




Mecca 


CovJd . 






.5 






Ababia 


„ mile . . 






2146. 


1.219! 




MlU7( 


Miglio . . . 






1808.81 




BoLoonA . 


„ (fool) . 


14.938 


1.244 








FtOBBKCK . 


" \t«4 


1S.79 


i.oesB 








Italt 


ffif: : : 


" 




2025. 






NOKWAI . 






12182. 


6!e2i( 




NAr^_ 


C«nn« . . . 
Miglio . . . 


; 


.8638 


.2976 

2.3DU6 
201B. 






P«Mia" . 


Fanuwg . . 






6299.04 






FUDMoin . 


Miglio . . . 






8527. 


4,8445 




FOBTDOAL . 


Re . . 

Palmo . . 

,. mile . 


,.;.. 


1.08868 
.7171 


.3608 
.2390 

2S50. 


1.3787 




Psumia' . 


Fnu (Rheitiih 

foot) 
EIJo . . 
SchritI 
Klattcr or Faden 

{0 feet) 
Bathe (la feet) 

Meile . . 




10297 


.7293 

a.osB* 

4.1188 
B979. 


4.7 


Decim»llj 
dirid«L 


Malta " . . 


Piede(fool) 




11.17 


.9306 








Bomb 


Pieda 






.9665 








Bdmia 


Arehiae 
Sachine 
VerW . 
Foot , 




18.75 


- 
1.14SB 


!7777 
3.3332 
1166.6 


.6628 




SlXOITT 


Fo»a , 
Heile . 






.9194 


-3098 
9923.326 


5.6381 




SpAtir 


Pulg.do 

Palmo . 






.0761 
.«S«9 


.0254 
.2263 








Pie (.SSTS) (Cu- 












titlUn) (ISPnl- 












g^o.) 






.9133 


.3044 




1 
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Spahi 

fi 
&WWDEM 



Tuma 



91 



»> 
ft 



TOBUBT 
TUSCAKT . 



»» 



VSHIGB 



tf 



WSBTPHALIA 
WURTSMBUBO 
ZUBICH 
AjffOIBNT BOTPT 

Orbbcb 



ft 



KOMB 



yt 



Uhit. 


IllCHBS. 


Fbbt. 


Vara (3 pies) 


- 


. 


MiAle . 


. 


- 


i^oot (10 inches) . 


11.69 


.9742 


AIner . 


. 


1.948 


Mile . 


* 


- 


Piede . 


. 


1.1237 


Anna . 


. 


1.9714 


Pertica 


. 


« 


Genoa Palm 


9.808 


.8173 


Berri . 


. 


- 


Piede (Geographi- 






cal) 


- 


1.9094 


Piede (common) . 


- 


1.7985 


Piede . 


. 


1.1410 


Anna . 


• 


2.0892 


Stonde (.5 mile) . 


- 


- 


Fuss 


. 


.9399 


Pied . . . 


. 


.9888 


Cubit . 


- 


1.4764 


Cubit . 


- 


1.4764 


Stadium 


. 


- 


Stadium 


- 


- 



Tabds. 



.9132 
1522. 

.3246 
.6493 
11688. 

.37458 
.65714 
6.742 

1823.08 

.6364 
.5995 
.3803 
.6964 
6075.52 
.3133 
.3296 
.4921 
.4921 
196.85 
201.29 



lilLBS. 



.8648 



6.6412 



1.0358 



3.4562 



.1143 



[♦ 



Scales. 

Although I have already explained the general method 
of constructing plain and diagonal scales, page 6, T will 
not apologise for referring again to that subject, practice 
having convinced me that it very often may advantageously 
bear repetition. 

A scale is a conventional object intended to represent 
artificially certain dimensions bearing some stated propor- 
tions to some given real magnitudes. 

In Geometrical drawing the scales most generally used 
are the plain and the diagonal scales. 

When a given space on a map or plan represents some 
known distance which has to be represented by a scale not 
requiring very minute subdivisions, a plain scale will suf- 
fice. 

Let us suppose, for instance, that the space of one inch 
upon a map should represent a length of 10, 15, or 20 
feet, yards or miles, &c. and not require any more minute 
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sabdivision, we should constmct a plain scale^ because it 
is easy to sabdivide the space of one inch into, or in the 
ratio of 10, 15, or 20 equal parts. 

Should we, however, require to subdivide the feet into 
inches, the yards into feet, or the miles into furlongs, we 
should be compelled to construct a diagonal scale, because 
we would find it impossible, or very difficult, to obtain the 
scale by any other means. 

Practice. 

Construct a scale in the ratio of 12 feet to 1 inch. Let 
70 feet be required. 

Then, 12 feet is to 1 inch as 70 feet is to 5.833 inches. 

Draw a line 5.83 inches long, divide it into seven equal 
parts, or primary divisions, each of which will represent 
10 feet. Subdivide the left hand primary division into 10 
equal parts (or single feet.) {Etic. 2. VI.) 

Draw a thick second line at -^q of an inch below, and 
parallel to the first, and number, as an example. Fig. 1, 
PI. XrV. Print before the scale, " scale of,'' and at the 
further extremity, ''feet,'* or whatever may be the denomi- 
nation of the units intended to be represented by the scale. 

As in this case the space of one inch represents 1 2 feet 
of real dimensions, the proportion between the scale and 
the original distance will evidently be the same as between 
one inch and as many inches as are contained in 12 feet, 
therefore 12 feet reduced to inches = 12 x 12 = 1 44 
inches, which are represented by one inch, and conse- 
quently give the representative fraction of the scale ^ J^. 

Representative Fraction. 

A representative fraction, therefore, determines the pro- 
portion that exists between the length of the scale and the 
original dimension which it represents. In other words, it 

E 
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bHows the proportion between an incli^ a foot^ a yard^ a 
xnile^ or any other denomination as represented on paper, 
with a real inch, foot, yard, or mile, &c. in real length on 
the ground. The representative fraction is usually placed 
over the scale. The scale is now completed, and all plain 
scales are constructed after this method* The secondary 
subdivisions varying only with the nnmber of units repre- 
sented by one primary division. Thus, if one of the pri- 
mary divisions represents one foot to show inches, the 
secondary subdivision will be subdivided into 12 equal 
parts. If it represent fathoms, to show feet it will be sub- 
divided into 6 parts. Furlongs to show chains, into 10 
parts ; miles into furlongs, into 8 parts ; yards into feet, 
into 3 parts, &c. 

Should we require a scale of 120 feet to 1 inch. It is 
evident that we could not divide one inch accurately into 
120 parts by the method just explained. We must, there- 
fore, construct a diagonal scale. Let us assume 70 feet 
then as in the former scale 120 : 1 : : 700 : X = 5.833. 

Divide a line 5.83* into 7 equal parts, each representing 
100 feet, and subdivide the first primary division into 10 
equal parts, or secondary divisions, each representing 10 
feet. Draw below this scale line .10 other lines parallel 
and equidistant from each other (any space will do, but 
one-tenth of an inch apart is usually found a convenient 
distance, the size of the scale, however, being the best 
guide to follow.) From the first secondary subdivision to 
the left of the lowest line draw a diagonal line to the upper 
intersection of the highest horizontal line with the left 
hand extremity of the scale, and from each of the other 
subdivisions of the base draw lines parallel to this. Fig. 2, 
PI. XIV., and number the scide as in example. 

♦ In practice it is seldom necessary to go beyond two or three places of 
decimals. Two places when the third decimal is less than 5; three places 
when it is more. 
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The primary divisions, as we have said, will represent 
hundreds of feet. Each secondary division will represent 
spaces of 10 feet, each of which will again be subdivided 
into single feet by the diagonals determining the tertiary 
subdivisions, which are marked accordingly. 

Draw a base line rather wider apart than the rest, and 

likewise thicker. Print '^ scale of feet," and mark the 

representative fraction as before. 

All diagonal scales are constructed after this method. 

Like the plain scales, they only vary in their subdivisions 
and dimensions. Scales should always be divided decimally, 
and consequently, except when very large, completed to 
some power or multiple of 10. They vary in length ac- 
cording to the size of the drawing, map, or plan they are 
to accompany, therefore no definite rule can be given on 
that score. The length of the scale must depend on the 
nature of the distances that are likely to be required. 
Usually, however, we find for common purposes a length 
varying from 5 to 10 inches most convenient. 

In questions involving the construction of scales, two 
things are usually given. First, a certain given real 
distance ; and secondly, a certain space on the plan or map 
assumed to represent that distance artificially, as, 

A real distance of 25 miles is represented on a map by 
a space of 1.5 inches. It is easy (that space being so 
smeill) to assume some distance divisible by 10 that will 
complete the scale to some convenient length between 
5 and 10 inches. Here we have the simple proportion. 

25 miles : 1.5 inches : : 100 miles : X = 6 inches, or 
25 „ : 100 „ : : 1.5 : X = 

hence the rule. Place in the 

1 st Term. — ^The real distance given, reduced to the de-. 
nomination of the scale required. 

G 2 
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2iid Term. — ^The space on paper representing the dis- 
tance given in the Ist term. 

8rd TsBK. — ^The whole distance, forming the length of 
the scale required, or assnmed, always some power of 10. 

4th Term. — ^Will give results on paper that will re- 
present the whole length of the scale. 

Examples. 

!• The distance between London and Egham is 18 miles, 
and measures on a map 3.7 inches. Complete the scale*- 
to 30 mfles. Then 18 : 3.7 : : 30 : X = 6.166. 

A length of 6.17 nearly, divided into 3 equal primary 
divisions, will each show a space of 10 miles, and the 
first left hand division subdivided into 10 secondary 
equal parts will show single miles. The representative 

flection of the scale will be , - — ,^^^ \^ — 5-- (Fig. 3, 

18 X 1760 X 36 -r 3.7. ^ ° 

PI. XIV.) 

2. The distance between London and Chatham is 30 
miles, and is represented on a map by a space of 18.6 
inches, show 10 miles and fiirlongs (1 mile = 8 furlongs.) 

30 : 18.6 : : 10 : X = 6.2. A line 6.2 inches long, 
divided into 10 parts, will show miles, and the first pri- 
mary division, subdivided into 8 parts will each show I of a 
mile, or a furlong. The representative fraction will be 

10 X 1760 X 36 - 6.2. (^^S- ^O 

3. On a plan, 4 feet 6 inches are represented by a space 
of 2.5 inches, complete the scale to 10 feet and show 
inches (1 foot = 12 inches.) 

4.5 feet : 2.5 inches : 10 : X = 5.55. (Fig. 5.) 
The first primary division, representing one foot, is sub- 
divided into 12 parts, each representing one inch. The re- 

presontative fraction = ^^ ^ ^.^ ^ ^^r,^ . 
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4. On a plon^ a space of 3 inches represents 9 fathoms. 
Complete the scale to 20 fathoms^ and show feet^ (1 fathom 
= 6 feet.) (Pig. 6.) 9 : 3 : : 20 : X = 6.66. Representative 

^^*^^° 20x6x12-^-6.6(5. 

Should we be undecided as to what will be the whole 
length of the scale when completed^ we might also con- 
struct it thus :— 

Let a space of 2.5 inches represent^ say 17 feet. 

Let us obtain first the value of one foot^ and then repeat 
it on the scale line as many times as desirable. Then 
17 feet : 2.5 : : 1 : X = .14705, or 1.4705 for 10 feet. 
As on account of the long decimals firequently obtained by 
this method the scale cannot be constructed to so great a 
degree of accuracy^ the method first explained is pre- 
ferable. 

I will refer hereafber to another method of constructing 
scales Geometrically, but trust that the preceding ex- 
amples will suffice to guide in the construction of plain 
scales, the learner bearing in mind that the first left hand 
primary division is always subdivided into as many 
secondary units as are equivalent to the value of one of 
the primary divisions. 

ExESCisss ON Bepbesentativb Fractions. 

Give the representative fraction of a scale on which 
1 mile is represented by 1 inch, 1 mile = 1760 yards. 

Of a river 1475 yards broad, represented on a map by 
a space of 4 inches, 1 yard = 36 inches. 

Also when 147 feet are represented by 3.5 inches, 
1 foot = 12 inches. 

When 26 miles are represented by 3.4 inches, 1 mile = 
63360 inches. 
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When 9 cliains are represented by 1.8 inches, 1 chain 
= 22 yards. 

When4&thoniB are represented by 5.9 inches, 1 fathom 
= 6 feet. 

When 3 Bossian versts are represented by 2.72 inches, 
1 verst = 1167 yards. 

When 2 Austrian miles are represented by 4.76 inches^ 
1 Austrian mile = 3.3312 English miles. 

Scales are often given by their representative fraction, 
as,— 

1. Required a scale of yards y6T> ^** ^ ^ ^7* ^^® 
yard equals 187 yards. If we reduced both terms of this 
fraction to inches, we would have -yy^g- inches, or 36 
inches = 187 yards; therefore 86 inches : 187 yards :: 1 
: X = 5.2 yards nearly. A space of one inch would then 
represent 5.2 yards. As both terms of the fitiction are of 
the same denomination, it would precisely give the same 
result to consider one inch on the paper equal to 187 
inches, or 5 yards 7 inches. 

Therefore the scale might be completed thus, say to 30 
yards: — 

5.2 yds. : 1 :: 30 : X = 5.77 nearly. 

2. Required a scale of miles whose representative frac- 
tion is -jxVrra, then 1 inch equals 614373 inches, and as 
one mile contains 63360 inches, we find that VsWo^ =^ 
9.696543 miles represented by one inch ; then. 

Miles. Inch. Miles. 

9.6965 . 1 : : 60 : X = 

3. Required a scale of feet whose representative frac- 
tion is jIq, then 3 feet or 36 inches = 500 feet .'. 500 : 36 
:: 100:X=7.2. 

4. Required a scale of yards whoso representative frac- 
tion = yI^ ; then, VV == ^ yards to 1 mile. 
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5. Constmct a scale of feet whose representative frac- 
tion is -J^. 

6. Constmct a scale of yards whose representative frac- 
tion is -^. 

7. Constmct a scale of miles whose representative frac- 
tion is -yrlTff- 

8. Constmct a scale of fathoms whose representative 
fi'actionis -jj-y. , 

9. Constmct a scale of yards whose representative 

fiction is TTT^TT- 

10. Constmct a scale of chains whose representative 
fraction is yj^j. 

11. Constmct a scale of fathoms whose representative 
fraction is yj-y. 

12 Constmct a scale of Russian versts whose represen- 
tative fraction is -^y^oTTS^* 1 verst = 1166.68 English 
miles. 

Diagonal Scales. 

Constmct a scale of 9 miles to 1.3 inches, showing fur- 
longs diagonally — 

9 : 1.3 : : 4 : 5.67 
5.67 inches divided into 4 primary divisions, will show 
spaces of 10 miles, the first primary division into 10 parts 
will show single miles; 8 lines drawn parallel to the 
scale Une (as many as there are tertiary units), and divided 
by the diagonal method, will show ftirlongs. (Fig. 7.) 

2. Constmct a scale of 10 feet to 1.5 inches, showing 
inches. 10 : 1.5 : : 40 : X = 6 inches. 

As the tertiary divisions will be inches, and as a foot 
contains 12 inches, twelve lines drawn parallel to the first 
will be required. (Fig. 8.) 

3. A scale of 18 fathoms to 1 inch to show feet — 

18 : 1 : : 100 : X 
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As one fathom equals 6 feet, 6 lines parallel to the first 
will be required. 

4. A scale of miles 76 to 1.3 inches. 76 : 1.3 : : 500 : X 
= 8.29 nearly. Five primary divisions will show hundreds 
of miles^ 10 secondary divisions will show spaces of 10 
miles^ and 10 lines parallel will show single miles. 

GOMFABATIVE ScALES 

Are scales representing precisely the same distance and 
consequently having the same representative fraction as 
other scales^ but under different denominations ; thus^ 
whether we require scales of 2 fathoms to 1 inch^ or of 12 
feet to 1 inch, or of 4 yards to 1 inch, or of 144 inches to 
1 inch, those scales will be comparative because their re- 
presentative fractions, ^kr, are the same: 2 fathoms 
being equal to 144 inches, 12 feet = 144 inches, and 4 
yards = 144 inches ; the space of 1 inch on the scale re- 
preBenting in eve.7 case 144 real inches. 
Should we, again, require — 

a scale of yards, 1760 yards to 1 inch; 

a scale of miles, 1 mile to 1 inch ; 

a scale of furlongs, 8 furlongs to 1 inch; 

a scale of chains, 80 chains to 1 inch ; 
the representative fraction s^so would be the same 
because aU those different denominations or scales reduced 
to inches would give that number of inches represented by 
one inch, therefore all those scales would be comparative 
to each other. 

Having a scale on which a space of 2.7 inches represent 
1 mile, and whose representative fraction will naturally be 

1760 >r36 -27'^ require a scale of yards comparative to 

it ; it is evident that the scale will only change its deno- 
mination, because 2.7 will represent 17C0 yardij instead of 
being called 1 mile. 
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That scale, therefore, will be 1760 : 2.7 :: 4000 : X = 
6.18. It follows that in order to obtain a comparative 
scale we have only to change the denomination of the 
given scale into that of the scale required, which is per- 
formed by simple mnltiplication or division, as the case 
may be ; thus, suppose that on a map a space of one inch 
represents 5 yards, show a comparative scale of feet. 
Here reduce the yards into feet, 5x3=15 feet, that 
scale will naturally become a scale of 15 feet to an inch, 

with representative firaction r — 5 — r^ and conversely, 

should it be required to convert a scale of 15 feet to an 

inch into yards, -^ would give 5 yards, and the represen- 

tative fraction -r-? — tti would be thei same as above. 

15x12 

Examples. 
1. Reduce 40 yards to Russian archines. 1 archine = 
.7777 of a yard. 

= 51.433 archines. 



.7777 

2. Reduce 33 metres to Greek cubits. 1 cubit == .45 
of a metre. 

?L = 73.33 cubits. 

3. Reduce 72 feet to French metres. 1 metre = 3.27 

feet. 

72 

-^2^} = 22.018 metres. 

4. Reduce 73 Spanish palms to English feet. 1 palm 
= .684 English foot. 

.684 X 73 = 50.132 feet. 

5. Reduce 57.61 metres into English yards. 1 yard = 
1.09363 metres. 

iSi = ^2'^^^ y^^- 



58 FBACnCAL UNBS IN 

6. Reduce 12 feet to Boman palms. 1 palm = .735 
of 1 foot. 

^^7^ = 16.32 palms. 

7. Reduce 27 Roman palms to English feet. 

27 X .735 == 19.845 feet. 

8. Reduce 168 yards to chains. 1 chain = 22 yards. 

i|| = 7.636 chains. 

Practice. 

Reduce 64 Spanish pahns to English feet. 1 palm =: 
.684 of English foot. 

Reduce 2^ miles to paces. A mile assumed to contain 
2250 paces. 

Reduce 686 Neapolitan cannae to English yards. 1 
canna = 2.3008 English yards. 

Reduce 17^ Austrian miles to English miles. 1 Aus- 
trian mile = 3.3312 English miles. 

Reduce 300 Russian sachines to English yards. 1 sa- 
chine =: 2.332 yards. 

Reduce 8000 alners to English feet. 1 alner = .6493 
of an English yard. 

Examples op Comparative Scamjs. 

1. Construct a scale of 5 chains to 1.5 inches^ and a 
comparative scale of yards to it. 1 chain = 66 feet, or 
22 yards. 

For the first scale, 5 chains : 1.5 : : 20 : X = 6. 
6 inches divided into two parts, and the first division 
subdivided into 10 parts, will give the scale of chains. 

For the second scale, reduce the chains to yards, 
5 X 22 = 110 yards. .'. 110 : 1.5 : : 500 : X = 6.81. 

2. On a Spanish plan, 47 palms are represented by a 
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distance of 2.3 inches; construct a scale of English feet 
comparative to it. I palm = .684 English feet. 

(.684 X 47 = 32.148 English feet) .\ 32'.148 : 2.3 : : 
100 : X = 7.185. 

3. Construct a scale of 2 inches to 1.5 mile, upon which 
hundreds of paces can be measured, assuming a mile to 
contain 2260 paces. 

2260 X 1.5 : 2 : : 10000 : X = 5.9. 
5.9 inches divided into 10 parts will show thousands of 
paces, the 10 secondary divisions will show hundreds, and 
the diagonal tertiary divisions will determine spaces of 10 
paces. 

4. On an Italian plan, 4 inches represent 325 cannae ; 
show a comparative scale of English yards. 1 canna = 
2.3008 English yards. 

(2,3008 X 325) : 4 : : 1000 : X = 

5. The distance between two points three Austrian 
miles apart is represented on a map by a space of 6.67 
inches. Construct a scale of English miles and chains. 
1 Austrian mile = 3 3312 English miles. 1 English 
mile = 80 chains. 

3.3312 X 3 = 9.9936 English miles .-. 9.9936 : 6.67 
: : 10 : X = 

6. Construct a scale of 1.45 inches to a mile, and show 
furlongs ; give a comparative scale of chains. 

First scale — 1 mile : 1.45 : : 5 : X = 7.25. (Plain scale.) 
Second scale— ^f® = 80 chains .•. 80 : 1.45 : : 400 : 
X = 7.25. (Diagonal.) 

7. Construct a scale of jq-o^oTs *^ represent English 

miles and show furlongs. *®3-J®° inches = f^^S yards 

= 3 miles. 

.-. 3 : 1 : : 20 : X = 

8. To the latter distance, construct a comparative scale 
of Turkish berri. 1 berri = 1828.08 yards. 
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Then , Q^Q ^a = the number of berri in 20 miles. 

.•• 19.239 berri : 6.66 : : 20 : X 

9. On a Spanish plan^ 46 palms are represented by a 
space of 2.3 inches ; give a comparative scale of English 
yards. 1 palm = .684 of an English foot. 

/ 46 x^.684 ^ . 23 .. g^ ^^ . ^ ^ 

10. On a Swedish map^ 6000 ahiers are represented by 
a space of 5 inches ; give a comparative scale of English 
feet. 1 ahier = .6493 of an English yard. 

(6000 X .6493 X 3) = 11687.4 : 5 :: 15000 : X 

11. Beqoired^ a scale of 8 feet to 1 inch^ and a compa- 
rative scale of French decimetres. 1 metre = 1.0936 
yards. 

First scale^ 8 ft. : 1 : : 50 : X = 6.25. 

Second scale, -^ — ^ = 2.91626 metres : 1 : : 

20 : X = 6.85. 

12. Construct a plain scale of yards, 290 yards to 1.9 
inches, and also a corresponding scale of Bussian sachines. 
1 sachine = 2.332 yards. 

First scale, 290 : 1.9 : : 1000 : X 

290 
Second scale, ooqo : 1 .9 : : 500 : X. 

13. Construct a scale of -^ J^, 50 yards long, and a com- 
parative scale of Russian archines. 1 archine = .7777 of 
a yard. 

1 yard = 300 yards .'. 36 inches = 300 yards, 
then 300 : 36 : : 50 : X = 6. 

Second scale, -==== = 387.1672 archines : 36 :: 60 : X 

14. Draw scales of y J <, to represent English feet, French 
metres, and Greek cubits. 
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J S^? T?* =i-^ J ^^* f 1 show 100 feet, 30 
1 Grreek cubit = .45 of a metre i ' 

metres^ and 50 cubits. 

First scale, yj^ ot 100 feet = a of 1 foot = 6.85713, 
or 6.86 inches nearly, then 6.86 will equal the length of 
the first scale. 

Second scale, 80 metres x 3.27 feet = 98.1 feet .*. 
100 : 6.85 : : 98.1 : X = 6.72 inches. 

We said that 1 Greek cubit = .45 of 1 metre .'. 1 
cubit : ,45 metre : : 60 : X = 27 metres. 

Third scale, .'. 30 m. : 27 : : 6.72 : X = 6.081 length 
of 60 cubits. 

15. Two plans are drawn to different scales, the first on 
a scale of 1 .75 inches to 1 mile, and the second on a scale 
of 1.75 miles to 1 inch ; show the length of the line which 
for each plan would represent a distance of 3.5 miles, and 
give both representative fractions. 

First scale, 1 mile : 1.75 inches : : 3.5 : X = 6.125, 

rep. fraction ^ygQ^^gg^ ^yg 

Second scale, 1.75 miles : 1 inch : : 3.5 : X = 2, rep. 
1 



fraction 



1.75x1760x36. 



Although the arithmetical mode of determining the 
dimensions of scales is the most correct, there are other 
methods of constructing them which may sometimes prove 
convenient. For instance, should we require a scale of 
40 yards in length, in the ratio of 7 yards to 1 inch, the 
result would be 7 : 1 : : 40 : X = 5.714285 inches, a 
very long decimal, which it would be impossible to obtain 
by any scale : in such a case the Geometrical construction 
would bo preferable : to obtain it. 



62 PBlCnCAL LINES IK 

Draw an indefinite scale line about 6 or 6 inches long, 
and upon it from its left extremity determine one inch. 

Divide that inch geometrically into 7 parts, and add 3 
more subdivisions to complete to 10; this will give the 
first primary division subdivided into 10 yards — ^take that 
length in your compass and step it 3 times more on the 
Bcale line, which is to be completed as already explained. 

Of course practice must decide which method is the 
most appropriate in any given case. Comparative scales 
may likewise be often conveniently divided in the same 
manner. 

Suppose a space of 3.7 inches on a map represents a 
distance of 22 miles, complete the scale to 30 miles (Fig, 
9, PL XV.) and construct to it a comparative scale of 
Russian versts. 1 mile = 1760 yards. 1 verst =1167 
yards. 

On the scale line A6 make AD = to 3.7 inches, and 
from A draw any diagonal line of construction AX. 

From any scale of equal parts, say 20 to 1 inch, take 
22 units in your compass and transfer them on AC : from 
the same scale take 30 equal parts and from A lay them 
on the prolongation AC in AX, join C 22 and D 3.7, and 
draw X 30— B pareillel to it. 

The length AB will be that of the scale representing 
30 yards, which, divided into 3 parts, and the first divi- 
sion into 10 parts, will give the scale, to be completed as 
usual. 

For the comparative scale of Russian versts (Fig. 10, 
PI. XV.) make AB equal to 10 units of the subdivisions of 
the first scale, and draw the diagonal AC. 

From any scale of equal parts take 1 760 and mark it on 
A — C A — 1760, from the same scale take 1167, and mark 
on the same line A — 1167. Join 1760 — B, and draw 
1167 — D parallel to it. 
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As 1167 yards is to 1760 yards, do is one verst to one 
yard; or, so are 10 versts to 10 yards. Complete the 
scale to the required length and finish it as usual. 

Most other scales can be obtained in the same manner, 
but they are never so minutely accurate as when they are 
constructed arithmetically. 

Verniers 

Are small moveable scales attached to the graduated 
limbs of astronomical and surveying instruments, beam 
compasses, barometers, &c., and so constructed as to 
enable us to read with the greatest degree of accuracy the 
measured distances, angles or degrees obtained by the 
instrument to which they belong ; although they may in 
some cases be used instead of diagonal scales, they are 
seldom used in drawing. A knowledge of them and of 
their construction is nevertheless important. 

General rtdefor the construction of Verniers. 

Take in the compass a space equal to one unit less than 
that of the whole length of one primary division of the 
scale, subdivide this length into as many units as are con- 
tained in the whole primary division of the scale required : 
therefore, to construct a vernier to read inches, tenths 
and hundredths of inches, divide a line into any number 
of inches, and subdivide each inch into 10 equal parts; 
take in the compass .9 of an inch, and divide that space 
into ten equal parts, each of these parts will naturally be 
-^Q smaller than each tenth of an inch, and that vernier 
being shifted along the scale will point out by the coinci- 
dence of two of their separate subdivisions, lOths and 
lOOths of an inch. (Fig. 11, PI. XVI.) 

Similarly for a scale of degrees into minutes — 1° equals 
60'. 
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The degrees divided into 6 parts will each eqnal 10 mi- 
nutesj nine of these parts subdivided into 10 will show 
-^Q of a degree or 1 minute. (Fig. 12.) 

A scale of fathoms into feet — 1 fathom equals 6 feet. 

A length of 5 fSftthoms divided into 6 parts will show . 
single feet. (Fig. 13.) 

A scale of miles and furlongs — 1 mile equals 8 furlongs. 

A length of 7 miles divided into 8 parts will show single 
furlongs. (Fig. 14.) 

A scale of feet and inches. 

Eleven feet divided into 12 parts will show ^ of one 
foot, or inches. (Fig. 15.) 

Circular instruments are generally subdivided into 360 
equal parts or degrees, each degree being equal to 60 
minutes. 

Construct a portion of a circular limb to read degrees 
and minutes. 

With any convenient radius, draw four concentric 
arcs .2 of an inch apart, so as to form a sector of 40 
degrees— or of any other required length,— divide that 
space of 40 degrees into 4 equal parts, reaching from the 
outer to the inner circle ; divide each of these four parts of 
10 degrees into 10 equal parts or single degrees, reaching 
from the middle to the outer circle ; subdivide each de- 
gree on the outer circle into 3 equal parts, each showing 
20 minutes. The length of 19 of those parts subdivided 
in 20 equal parts will show spaces of a single minute. 
(Fig. 16.) 

Simaarly to construct a vernier to read to 5 minutes. 

Eleven divisions of the limb equal 12 on the vernier. 

Vernier to read to J minutes : 29 divisions on the limb 
equal 30 on the vernier. 
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EXAMPLES FOB PRACTICE. 

1. Draw a scale whose representative fraction is j^j- to 
show feet and inches. 

2. Draw a scale whose representative fraction is -j^ to 
show yards and feet. 

3. Draw a scale whose representative fraction is ^^^^ ^ 
to show miles and furlongs. 

4. A scale of 160 fathoms to 9 inches. 

5. A scale of 63 yards to 1.57 inches. 

6. A scale of 5.3 miles to 1.31 inches. 

7. A scale of 18 feet to 1.42 inches. 

8. A scale of 4 feet 5 inches to 1.89 inches. 

9. A scale of 8.9 miles to 4.785 inches. 

10. A scale of ^^ to show feet and inches. 

11 . A scale of -^ to show feet and inches. 

12. A scale of j-^ to show fathoms and feet. 

13. A scale otjy^^YV ^ show miles and furlongs. 

14. A scale of -^ of an inch to a mile to show miles. 

15. A scale of 18 miles to 2.15 inches. 

16. A scale of 2.77 yards to 1.895 inches. 

17. A scale of 485 miles to 4.687 inches. 

18. A scale of 87 fS^thoms to 5.1 inches. 

19. A scale of 47 yards to 3.2 inches showing feet. 

20. A scale of 38 miles to 4.3 inches showing furlongs. 

21. A scale of 5 feet to 1.7 inches showing inches. 

22. A scale of ^ of an inch to 1 foot 6 inches. 

23. A diagonal scale of 1 foot to .87 inch showing 
I inches. 

24. A diagonal scale of 4 miles to 1.2 inches showing 
furlongs. 

25. A diagonal scale of 9 fathoms to .55 of an inch 
showing feet. 

26. Of 19 yards to .56 inch showing feet. 

¥ 
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27. Of s^j to show yards. 

28. Of 9 mfles to 1.3 inches to show furlongs and chains. 

29. Of one foot to show 1000th of a foot. 

30. Of 4 miles 588 yards to 3.1 inches. 

31. On a plan the distance between two points 4.27 
inches apart represent 4587 yards : construct a scale of 
miles^ furlongs and chains. 

32. Draw a scale to measure feet on a plan on which the 
space between the two points 1.5 inches apart is 7^ of the 
real distance. 

33. Construct a scale of metres comparative to one of 
17 English yards to 1.2 inches 1 metre = 39.34 inches. 

34. The distance between London and Woolwich is 9 
miles : construct the scale of a plan on which that distance 
is represented by .65 inches^ and show furlongs and chains. 

35. Construct a scale of 5000 for a regular enclosure^ 
1680 feet long and 1350 feet broad. 

36. Construct a scale of yards 5 inches to 6 furlongs. 

37. A regiment drawn up in order of battle occupies a 
front of 800 feet^ and measures on the plan 29 inches : 
construct the scale of the plan to show poles and yards. 
N.B. 5.5 yards = 1 pole. 

38. Construct a scale of fathoms _J 

20,000« 

39. On a plan ^ of a mile occupies a space of 2.7 inches: 
construct a scale of yards to it. 

40. On a map 183 miles occupy a space of 14.3 inches : 
construct a scale to show furlongs. 

41. Construct a scale of paces for a plan^ draw to a 
scale of -fiVr^ assume the pace to equal 2.67 feet. 

42. Construct a scale of J_ to represent yards. 

43. Draw a scale of paces 1 1 inches to a mile : suppos* 
ing 25 paces to equal 1 chain : 1 chain = 66 feet. 

44. Construct a scale of Milan miles : 5 to 1 inch. 1 Milan 
mile = 1.0277 English miles. 
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45. Draw a scale of 4 inches to a mile^ to show furlongs 
and spaces of 50 feet : give its representative fraction. 

46. Draw a scale of -b«-- to show English miles and 

Russian versts. 1 verst = 1166.68 English yards. 

47. Construct a scale of paces for a plan drawn to a 
scale of ^ : the pace being assumed to equal 2.5 feet. 

48. On a plan 18000 paces measure 22.3 inches : show 
spaces of 10 paces diagonally. 

49. Draw a scale of 14 yards to 1.1 inoh^ and a com- 
parative scale of metres — 1 metre = 39.34 inches. 

50. On a map f of an inch represent 13.68 yards: 
show 100 yards and the representative fraction. 

51. A table 14 feet 6 inches long is represented by a 
space of 5.2 inches : make a diagonal scale showing 
J inches— to the drawing. 

52. Construct a scale of 2 to represent Belgian and 
Chinese feet. 

1 Belgian foot = .90466 of an English foot. 
1 Chinese foot = .8616 of an English foot. 

53. Construct a scale of -^ to show English yards and 
Russian archines. 1 archine = .7777 of an English yard. 

54. Constn^ct a scfde of chains 1 inch to 1 mile. 

55. On a plan^ 4.65 inches^ represent 13.5 miles : con- 
struct the scale and a comparative one of Russian versts. 
1 verst = 1167.68 yards. 

56. Required^ a scale of Belgian ftiss ^^ and one of 
Spanish palms corresponding to it. 

1 Belgian friss = .90466 of 1 English foot. 
1 Spanish palm = .684 ditto. 

57. The plan of a French fort is to be drawn to a scale 
of 50 English feet to 1 inch^ and two other plana of the 
same fort are to be of the same size ; but one reduced to a 

F 2 
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scale of metres and decimetres^ and the other to a scale of 
toises and feet — 

1 metre = 1.0936 English yards. 

1 toise = 76.731 English inches. 

58. On a drawing 17.5 feet are represented by a space 
of 1.3 inches : constmct a comparatiye scale of Spanish 
pies and pnlgados. 

1 pie = .9132 of an English foot^ 1 pulgado = j^ of a 
pie or .0761 of an English foot. 

59. Reduce 86.72 French metres to English yards. 

1 metre = 1.0936 English yards. 

60. On a scale 200 yards long^ 24 yards = 1 iQch, 
draw a scale of toises comparative to the above^ and give 
its representative firaction. 1 toise = 76.731 inches. 

61. Draw a scale of 89.72 yards to •}- of a foot^ 100 yards 
long, and give its representative fraction. 

62. Make a scale of Spanish varas and pies showing 
pnlgados diagonally, comparative to another on which 
5 yards are represented by 1.89 inches. 

1 vara = .9132 of 1 English yard. 

1 vara = 3 pies. 

1 vara = 36 pnlgados. 

63. A Prussian fathom contains 6 Bhenish feet, each 
1.0297 Engh'sh feet long: construct a scale of fathoms 
J^, showing feet diagonally. 

64. A map, 40 inches long and 36 inches broad, contains 
an area of 25 acres : construct its scale to show poles, 
yar^s, and feet. 1 acre = 4840 yards. 

65. Construct a scale of 13 inches to a mile, showing 
furlongs and yards. 

66. A front of fortification 287.38 yards long is repre- 
sented by a length of 8.82 inches: show the value of 
1 yard and complete the scale to 800. 

67. Construct a scale of Bavarian rods and Belgian 
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ells correspondiog to 14.5 English feet to 1.2 inches. The 
rod =3.1917 English yards (to show spaces of 10 feet) 
and the ell = .74845 of an English yard. 

68. A range of buildings 2876 feet long is represented 
by a space of 7.25 inches long : constmct to it a scale of 
500 yards^ showing single yards. 

69. Construct a plain scale of yards, 346 yards to 1.7 
inch, and also a corresponding scale of Russian sachines. 
The sachine = 2.3332 yards. 

70. On a military plan, 900 feet are represented by a 
length of 30 inches : construct a comparative scale of 
yards to it, and give its representative firaction. 

. 71. Two plans on the same ground are drawn, the one 
to a scale of 2.95 inches to 1 mile, and the other 2.95 
miles to one inch : show the length of the line which for 
each plan will represent 5.57 miles : give also a representa- 
tive firaction of each of the scales. 

DsFmrnoNS. {Euclid, Book XI.) 

12. A pyramid is a solid figure contained by planes that 
are constituted betwixt one plane and one point above it 
in which they meet. 

13. A prism is a solid figure contained by plane figures, 
of which two that are opposite are equal, similar, and 
parallel to one another ; and the others parallelograms. 

14. A sphere is a solid figure described by the revolu- 
tion of a semicircle about its diameter, which remains 
unmoved. 

15. The axis of a sphere is the fixed straight line about 
which the semicircle revolves. 

16. The centre of a sphere is the same with that of the 
•semicircle. 

17. The diameter of a sphere is any straight line which 
passes through the centre and is terminated both ways by 
the superficies of the sphere. 
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18. A cone is a solid figure described by the revolution 
of a right angled triangle about one of the sides contain- 
ing the right angle^ which side remains fixed. 

K the fixed side be equal to the other side containing 
the right angle^ the cone is called a right angled cone ; if 
it be less than the other side, an obtuse angled; and if 
greater, an acute angled cone. 

19. The axis of a cone is the fixed straight line about 
which the triangle revolves. 

20. The base of a cone is the circle described by that 
side containing the right angle which revolves. 

21. A cylinder is a solid figure described by the revo- 
lution of a right angled parallelogram about one of its 
sides, which remains fixed. 

22. The axis of a cylinder is the fixed straight line 
about which the parallelogram revolves. 

23. The bases of a cylinder are the circles described by 
the two revolving opposite sides of the parallelogram. 

24. Similar cones and cylinders are those which have 
their axes and the diameters of their bases proportionals. 

25. A cube is a solid figure contained by six equal 
squares. 

26. A tetrahedron is a solid figure contained by four 
equal and equilateral triangles. 

27. An octahedron is a solid figure contained by eight 
equal and equilateral triangles. 

28. A dodecahedron is a solid figure contained by 
twelve equal pentagons which are equilateral and equi- 
angular. 

29. An icosahedron is a solid figure contained by 
twenty equal and equilateral triangles. 

30. A parallelopiped is a solid figure contained by six 
quadidlateral figures, whereof every opposite two are 
parallel. 
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ORTHOGRAPHIC PROJECTIONS. 

The method of orthographic projections enables us 
to represent, by means of plans and elevations^ objects 
with their exact form and dimensions. 

In this method we assume the existence of two planes 
at right angles to each other, and named from their 
position, the " horizontal and the vertical planes of pro* 
jection." 

The horizontal, or ground plane,..is a plane assumed to 
be parallel to the horizon. It contains the plans which 
show the exact form, length and breadth, but not the 
height of the objects to be projected. This plane also 
often contains auxiliary planes showing the vertical sec- 
tions when any are required. 

The vertical plane is supposed to be standing at right 
angles with the horizontal plane, and contains the eleva- 
tions, showing the vertical form, the height and length, or 
breadth, but not the depth of the objects. On that {dane 
are also usually represented the " sectional elevations.'' 

A section is formed by a plane cutting an object in any 
direction. When that section is parallel to the horizon, it 
is termed a horizontal section ; when perpendicular to it, a 
verticfJ section ; when forming any angle with the horizon, 
an oblique section. A section taken in the direction of its 
length, a longitudinal section ; when taken in that of its 
breadth, a transverse section; and when taken at right 
angles with two parallel sides of the object, so as to show 
the shortest distance between its several parts, a profile 
section. 

As the position of a vertical section can only be deter- 
mined on a plan by a straight line, in order to show the 
exact shape and dimensions of the section, we assume an 
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auxiliary plane revolving on a sectional line from the ver- 
tical to the horizontal position. 

A sectional elevation shows not only the section just de- 
scribed^ but likewise those visible parts of the object which 
remain after the removal of the nearest portion of the solid 
determined by the section. 

The two planes of projection have often been properly 
compared to a book half opened^ one portion of it lying 
horizontally and the other vertically. The line formed by 
the meeting of the leaves would represent the ground lincj 
or line of levels or intersecting line^ determining the meet- 
ing of the two planes. 

In the construction of our diagrams^ we suppose the ver- 
tical plane to revolve till it lies horizontally on the level 
and prolongation of the horizontal plane^ as if the book 
just referred to were lying entirely open. The intersecting 
line is usually determined by two of the last letters of the 
alphabet^ as x and y. 

In orthographic constructions. 

The plan of an object may be placed at any distance 
from the vertical plane. The distance between the plan 
and the vertical plane is termed ''region of space.'* Lines 
drawn from any point of the plan or elevation^ or to re- 
present the position of points in space^ are always at right 
angles with the ground line, and are termed projectors, or 
system of rays. It follows, therefore, that the projection 
of a point is determined by the prolongation of a line 
drawn at right angles from that point till it meets either or 
both the planes of projection. (Fig. 1.) 

Let AB and CD meeting at right angles in x y represent 
the horizontal and vertical projections of two planes. Let 
H represent a point in space, a projector HA drawn parallel 
to the vertical plane, and perpendicular to the horizontal 
plane, will not only give its horizontal trace, but will also 
show its distance from the vertical plane, although not its 



OIOMSTBICAL DBAWmG. 73 

height above it. A line HA' drawn parallel to the horizontal 
planoj and perpendicular to the vertical plane, will in the 
same maimer determine its el^ation or vertical trace. It 
will show the distance of U above the horizon, but this will 
not determine the distance from the vertical plane. 

A constmction of both traces or projections, however, 
vnll give the real position in space and the distance of the 
given point H from the planes of projection. 

Let ns now suppose the plane x y CD laid flat, having 
revolved onxy from the veitical to the horizontal position, 
and in the level prolongation of AB in EF, the projection 
of h! h" will determine ' on that plane precisely the same 
elevation and position with respect to ;r y as it does on the 
plane x y CD. 

To determine the projection of a point in space A at 
.5 inch from the vertical and .5 inch from the horizontal 
planes. (Fig. 2.) 

Draw a a' at right angles to, and cutting x y in a", 
make a a'' = to .5 inch, and o^' a = to .5 inch from x y. 
The traces required a'' a' will determine the height above 
the horizontal plane, and a" a will determine the distance 
from the vertical plane. 

The projections of a straight line are determined by 
an assumed plane (composed of a series of projectors 
proceeding from every portion of the line at right angles 
to the co-ordinate planes) connecting the line with the 
plane or planes of projection, according to its position, and 
termed projecting plane. 

When the straight line is parallel to the horizontal, and 
at right angles to the vertical planes of projection, its pro- 
jection will be a line on the horizontal, and a point on the 
vertical planes. 

When the straight line is at right angles to the hori- 
zontal and parallel to the vertical planes, its projections 
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will be a point on the horizontal^ and a line on the vertical 
planes. 

The projections of a straight line^ parallel to both planes 
of projection^ will be a straight line in each of the planes. 
And the projections of a straight line^ oblique to both 
planes^ will be two nneqoal lines shorter than the original^ 
and forming angles with x y, but whose real length can 
be easily determined. 

To determine the true length. Draw of' b' parallel to 
X y, and at right angles to of b\ make of d equal to €^' a' ; 
the line d V will be the true length of the line. (Fig. 8.) 

Similarly the projections of a curve, whether regpilar or 
irregular, cau also be obtained by the projections of points 
assumed on different parts of the line at right angles to 
the co-ordinate planes. 

Show the projections of a line AB^ 1 inch long, parallel 
to both lines .75 inch above the horizontal^ and .5 from 
the vertical planes. (Fig. 3.) 

The lines a b and of b', drawn on the co-ordinate planes, 
parallel and at given distances from x y, will give the pro- 
jections. 

Show the projection and trace of AB when at right 
angles to the vertical, and parallel to the horizontal 
planes. (Fig. 4.) 

This is the converse of the preceding operation. 

Show the trace and projection of AB when parallel 
to the vertical, and at right angles to the horizontal. 
(Fig. 5.) 

The horizontal will be the point a 6, and the vertical 
projection the line a' b\ 

Determine the projection of AB when horizontal, but 
forming an angle of 30° with the vertical plane. 

a b drawn at an angle of 30° with x y, and a' b' dravm 
parallel to a? y, will give the projections. (Fig. 6.) 
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Let the line AB form an angle of 30° with the hori- 
zontal^ and be parallel to the verticfJ. (Fig. 7.) 

Determine the projection a' V, from which find a b. 

Let the line be inclined to both planes of projection at 
angles of 30^ 

The two last operations repeated on both planes will 
give the projections of a d and of b\ (Fig. 8.) 

As the boundaries of planes are linesj the projections 
of planes will easily be determined according to their posi- 
tion. 

To determine the projection of a rectangular plane 
ABCD of .75 inches side^ parallel to the vertical plane^ and 
.5 inch distance from it. (Fig. 9.) 

The rectangle abed determine the vertical^ and the line 
of d the horizontal projections required. 

Required the horizontal and vertical projection of a cir- 
cular plane 2 inches in diameter^ parallel to and 1 inch 
above the horizontal plane. 

The mere inspection of the diagram should now suffice 
for the solution of this question. (Fig. 10.) 

Show the projection of a pentagonal plane of .5 inch 
side. One of whose sides forms an angle of 15° with the 
vertical plane^ but parallel and 1 inch above the horizon. 

(Pig. 11.) 

Draw y X b, forming an angle of \h^, and on a 6 .5 inch 
side construct the pentagon abode. Its height above the 
horizon being given^ determine its elevation by means of 
the projectors, aa' b b' c (/ dd' ee". 

Solids are obtained in the same manner. 

A cube of .75 inch edge has one of its faces parallel 
to the vertical plane, find its projections. 

Construct the plan abed, and from it determine its ele- 
vation. (Fig. 12.) 

A pentagonal prism .75 inch high, has one of its faces 
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•65 inch side, forming an angle of 21^ with the vertical 
plane : constmct its projection. 

Determine the angle by making AC at 21° with x y, 
and make BG equal to .65 inch. On BG constmct the 
regular pentagon, forming the plan of the BoUd : lines 
drawn -at right angles from each angle of the bascj through 
X y and .75 inch high^ connected at their superior extremity 
by a horizontal will give the elevation. (Fig. 13.) 

A pentagonal pyramid, .65 inch side and 1.1 inches high, 
has one of its faces forming an angle of 10^ with the ver- 
tical plane, construct its projections. The construction of 
this problem is similar to the preceding, the only differ- 
ence is that the height is determined on a b, the axis of 
the pyramid. (Fig. 14.) 

The two parallel sides of a square truncated pyramid 
^75 inch high, are respectively .75 and .83 inch side, one 
of the sides forms an angle of 40° with the vertical plane : 
construct its projections. (Fig. 15.) 

A parallelopiped I inch long, .65 inch side and .65 inch 
high, has its longest side parallel to the vertical plane : con- 
struct its projections. (Fig. 16.) 

Construct the projections of a cylinder .85 inch high 
and .65 inch diameter. (Fig. 17.) 

Show the projections of a cone 1 inch high, and whose 
base has a diameter of .8 inch. (Fig. 18.) 

The frustum of a cone .7 inch high, and .8 inch dia- 
meter at the base, has its upper face .35 inch broad : show 
its projections. (Fig. 19.) 

The construction of the five last problems being, with 
slight variations, mere repetitions of those already ex- 
plained, need no further demonstration ; the inspection of 
the diagrams ought to suffice. 
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Begulab Polthedsons. 



A tetrahedron of 1.5 inclies edge has one of its sides 
forming an angle of 17^ with the vertical plane : construct 
its projections. 

Make the angle b x y eqnal to 17^^ and a b = 1.5 
inches ; on ab constmct an equilateral triangle a be for 
the base^ and complete the plan by drawing lines from each 
of the angles^ meeting in the centre d. Draw d e perpen- 
dicular to ad, and produce ad to f. Prom centre /, 
¥rith radius / a^ describe the arc ae; de will determine 
the height of the tetrahedron cT d'\ which is to be com- 
pleted as usual. (Fig. 20.) 

The hexahedron^ or cube^ in its different positions will 
be explained further on. 

An octahedron of 1.25 inches edge is laid on one of 
its faceSj whose edge forms an angle of 15°, with the ver- 
tical plane : construct its projections. 

Let a 6 1.25 inches form the side or edge of one of the 
faces of the octahedron at 15° with xy. On ab construct 
the equilateral triangle a b c from jr as a centre, (which is 
to be determined) ; describe a circle passing through ab c, 
and in the circle inscribe the hexagon a d b e cf, and con- 
struct the triangle d ef; draw the diameter c d, and erect 
d k perpendicular to d c. 

From / as a centre, with radius / c describe the arc 
c k. 

dk will be the height of the octahedron, which will de- 
termine that of the elevation. 
' The inspection of the diagram will guide in the com- 
pletion of the problem. (Fig. 21.) 

A dodecahedron of .65 inch side has one of its edges 
forming an angle of 32"* ; with the vertical plane construct 
its projections. 
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Determine the angle bay, and on the given side a b con- 
Btmct the equilateral and equiangular pentagon a b c d e, 
forming the base of the solid. Circumscribe the pentagon 
by a circle passing through its angles^ and bisect each of 
its sides by a perpendicular produced on both sidesj and 
bisecting each of the opposite angles. The five intersect- 
ing points^ fg hk l, thus determined on the circumference, 
will determine the angles of a second regular pentagon 
for the upper face of the solid. 

Make n o equal to mn, and from i7» as a centre^ with 
radius mo; describe a circle opqrstuvwz, which will 
contain a regular decagon formed by the intersection of the 
lines bisecting the sides and angles of the lower and upper 
faces^ and produced so as to meet its circumference. 
Complete the plan as shown in the diagram. (Fig. 22.) 
For the elevation, from each angle of the plan draw per- 
pendiculars produced through x y; make of p' equal to 
m a and draw r^ p' z" parallel to ay ; rxuekep' u' equal to 
a p, and draw if u' W parallel to a: y ; make \i k' equal to 
a' p\ and draw V K parallel to ^ y : these horizontals will 
determine the heights in the elevation^ which is to be 
completed as shown in the diagram. 

An icosahedron of .85 inch edge is laid on one of its 
faces^ and has one of its sides forming an angle of 30^ 
with the vertical plane. 

Determine the angle ay x, and on the given side a b 
construct the equilateral triangle a b c^ forming the lower 
face of the solid ; determine its centre d^ and circumscribe 
it by a circle containing the second equilateral triangle 
efg (the upper face of the solid). On A c construct the 
regular pentagon b c h k I, bisecting each of its angles by 
lines meeting at its centre m. With radius d m describe 
a circle containing the hexagon m n op q r, and complete 
the plan as shown in the diagram. (Fig. 23.) 
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The elevation is obtained by drawing as osnal the pro- 
jectors perpendicular and produced through x y ; from b' 
as a centre describe the arc k', cutting the projection of/ 
in /', and join b' f\ 

Prom i', with radius b s, describe the arc cutting V f 
in*' ; through s' draw j/ m' perpendicular to V f, and 
draw /' e' parallel to a' b' ; draw likewise c{ e' parallel to 
b' f I join f! m\ V p' and ^ r' : complete the solid as 
shown in the diagram. 9 

A cube 1 inch edge has one of its faces forming an 
angle of 22^ with the vertical plane. Construct its pro- 
jections^ also a section cutting two adjacent faces of the 
solid^ and a sectional elevation. (Fig. 24.) 

After having determined the angle, the plan A and ele- 
vation B are constructed in the usual manner. 

Draw auywhere the sectional line c d^ and draw cf and 
cfa at right angles to ccf, and equal to the height of the 
cube, and join cfe d, which will show the section re- 
quired — as if supposed to have revolved on cd from the 
vertical to the horizontal position. 

For the sectional elevation C make the parallelogram 
c d efeqaal to the section c'd'e'f, and draw GK, HL, at 
right angles to cd, produced to k and / : make k' c' equal 
to A; c, and d' V equal to c2 /, and erect the perpendiculars 
k m and In equal to the height of the solid ; draw mf'e'n 
parallel to x y, completing the sectional elevation. 

Whenever no conditions of light and shade are given, 
it is usual to suppose the light to fall from the top left of 
the picture, at an angle of 45^ with the vertical plane, and 
45^ with the horizon. Those planes or parts of the dia- 
grams supposed to be exposed to the light are drawn in 
thin lines, and those opposed to the light, and conse- 
quently in the shade, are inked in with thicker lines. 

Lines determining portions of the object unseen in the 
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diagram, and yet which are neoessaiiy for its constraction^ 
are dotted. 

Sections are usaally distinguished by being drawn with 
red ink, and the projections of shadows with blue ink : in 
the accompanying diagrams, however, the sections will be 
represented by thick bars, and the shadows by thick chain 
lines. 

In sectional elevations, in order to distinguish sectional 
from original planes, it« is customary to fill them up with 
oblique parallel and equidistant lines, whose space jBrom 
each other vary with the size of the drawing. 

A tetrahedron of 1.6 inch edge has one of its sides 
forming an angle of 17^ with the vertical plane : show its 
plan, elevation, section, and sectional elevation — the sec- 
tion to cut three faces of the solid. (Fig. 25.) 

The construction of the tetrahedron has abeady been 
explained. 

Let a b represent the sectional line, c and d the points 
through which the sectional plane cuts the solid j from c 
and d draw perpendiculars to the elevation, cutting the 
projectors of these edges in & and d' ; these points will 
determine the heights in which those edges are cut above 
the base j from c and d on the plan, and perpendicular 
to a b, draw cc' dd' , equal to their corresponding heights 
on the elevation; lines connecting these points and drawn 
to a J will give the section. 

For the sectional elevation (Fig. 25 a), reproduce exactly 
the section a c" d" i, from the apex/ draw /^ perpendicu- 
lar to the sectional line a b, and transfer the distance a g 
from the section to a' g' on the sectional elevation; 
make ^ h equal to the height of the tetrahedron, and 
complete the figure as in the diagram. 

Show the plan of a parallelepiped 2 inches long, 1 inch 
broad, and 1.25 inches high; show also a section on a 



OSOlfSTRICAL DBAWIKO. 81 

line cutting an angle of the solid to the bisection of one 
of its shortest sides. 

The mere inspection of the diagram should demonstrate 
its construction. 

A right pyramid^ 1.8 inches high^ has one of the sides 
of its base^ which forms a regular pentagon of 1.1 inch 
side, making an angle of 26^ with the vertical plane. 
Construct its projection^ also a transverse section passing 
through its axis perpendicular to the vertical plane, and 
inclined to the horizon at an angle of 31^. (Fig. 27.) 

Construct the plan and elevation of the solid as in the 
preceding examples, and on the elevation determine the 
section line s I according to conditions, and cutting the 
edges of the pyramid in a' b' c' d* and e' ; from these 
points drop perpendiculars so as to intersect on the plan 
the corresponding edges of the soUd ia a b c d and e ; 
join these points, and the sectional plan of the pyramid 
will be produced. 

To show the real section ; on the plan, draw a f parallel 
to X y, and firom 1, 2, 3 and 4 draw ordinates perpendi- 
cular to it, meeting the angles of the section ; at b' c' d' 
and e' draw likewise perpendiculars 1' 2' 3' and 4' to a' 
e' f and transfer on these the length of the ordinates on 
the plan ; connect a 1 3 4 2 and a\ which will give the 
real section reduced to the vertical plane. 

A pentagonal pyramid 1 inch side and 1.75 inches high 
has one of the edges of its base forming an angle of 24^ 
with the vertical plane : construct its pr^jjections, and also 
a section cutting 4 of its sides perpendicularly to the hori- 
zon, but not passing through the apex. (Fig. 28.) 

After having obtained the plan and elevation in the 
usual manner, repeat the operations already explained 
(Fig. 25) to obtain the section, viz. — 

(i 



82 PRACTICAL LINES IN 

Draw the sectional line s I intersecting 4 sides and 8 
edges. 

Draw a a^ b b' c c^ perpendicular to a y, and draw 
aa^^ bV^ cc'^ perpendicular to « /, and of the same alti- 
tude as their corresponding heights on the elevation; 
join s a" V* c" and / for the section required. 

The inspection of the two following diagrams should be 
sufficient for their apprehension. 

The profile section of a right prism is an equilateral 
triangle of 1 inch side^ the prism is 1.75 inches long and 
rests on one of its faces : construct its plan and elevation^ 
showing one face and one end of the solid; also a section 
on any plane cutting both faces and both ends. (Fig. 29.) 

A prism 1.75 inches long, having for its ends regular 
hexagons of .5 inch side is laid on one of its faces : show 
its plan, elevation, and a section taken on a line cutting 
all the sides and one end of the solid. (Fig. 30.) 

Obsekvation. — Before going on with the following pro- 
blems, the general student, the military candidate whose 
time for preparation is not too closely limited, is referred to 
the article on "Descriptive Geometry" (page 112), the 
proper acquisition of whose elements is recommended 
as a safe, although slower foundation for his future pro- 
gress : the following problems being mostly practical ap- 
plications based on questions given at the examinations. 

A circle of 1.5 inches diameter is placed on a plane 
forming an angle of 46° with the horizon. (Fig. 31.) 

(N.B.-^The intersections of a plane with the two in- 
tersecting planes are termed ^ the traces of the plane,^ and 
a plane is determined when the traces of that plane are 
given.) 

Let a b represent the horizontal trace acting as an axis 
of revolution to the plane b c, so as to determine its given 
inclination with the horizon upon the vertical plane. 
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Let d efg represent the two diameters and k the centre 
of the given circle ; draw the perpendiculars d d', g k' and 
e e' meeting x y, and from 6 as a centre describe the arcs 
rf' rf", k' W and c' e" . Lines drawn perpendicularly to 
* y from rf" to n, k" to m and e" to o, will determine the 
projections of the two diameters of the circle, which, in 
their new position, will form the major axis / m and the 
minor axis n o of an ellipse, which is to be completed by 
drawing the curve / n m o by the hand. 

It is evident from the foregoing problem that the oblique 
projection of a circle is an ellipse. The solution of tho 
next exercise will therefore be easy, and require no further 
explanation. 

The side of a cylinder 1.75 inches long and 1 inch dia- 
meter, forms an angle of 23^ with the vertical plane. Con- 
struct its projections. (Fig. 32.) 

A plane forming an angle of 40° with the horizon, con- 
tains on its surface a line 1.25 inches long, inclined to the 
horizon at an angle of 30®. Contrast its projections. 
(Fig. 33.) 

A plane can contain a line having an inclination less or 
equal to its own, but never a line having an inclination 
greater than that of the plane, for in order to be contained 
by a plane the two extremities of the line must coincide 
with it. And should the inclination of the line be greater 
than that of the plane, the line could only touch the plane 
at one point. 

Draw the traces a b and b r, forming the given angle 
(40°) with the horizon. 

Draw anywhere the line d e 1.25 inches long, forming 
with X y the given angle (30°.) Draw ef parallel to x y, 
f will be the height above the horizon of the line d e when 
received by the given plane. From centre J, with radius 

a2 
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hf describe the arc/' /'', and drawf^ k parallel to a b. 
The distance b f being equal to the distance bf, the in- 
clined plane a bf will evidently be reduced to the horizon 
mf'k\ take in the compass the distance de^ and transfer 
it» so that the two extremities may coincide any where on 
the two horizontals a b and f km g and/. DTB.vrf I 
parallel to 07 y and/^ I parallel to a b, and intersecting it, 
g I will be the horizontal projection of the given line. 

A square 1.25 inches side is placed on a plane forming an 
angle of 30^ with the horizon, and one of its sides is in- 
clined at an angle of 15^. Show its plan. (Fig. 34.) 

The first part of this exercise (excepting the difference 
in the value of the angles) is a mere repetition of the last 
problem, andj therefore, requires no fresh demonstration. 

On ^/complete the square m n, and draw m o and n p 
perpendicular to a y, from centre b describe the arcs o m' 
and p n\ and draw mf m" and n' n", meeting the lines 
m m" n n" ^ drawn parallel to x y. 

The side of a pentagonal prism 1 inch long and .35 inch 
high is inclined at an angle of 20° with the horizon, and 
stands on a plane, forming an angle of 50° with the 
horizon. (Fig. 35.) 

No matter what may be the shape of the figure, the line 
first obtained will ever serve as a base of construction to 
it. On the line g f, therefore, construct the pentagon and 
project it as before. On b c make b d equal to the given 
height (.35) and lines drawn parallel to it in A / m, and 
also to b c m d and e will lead to the completion of the 
horizontal projection of the solid. 

To obtain the horizontal projection of a regular solid it 
is not always necessary to complete its vertical projection. 
The position and heights of its different parts being given 
will be suflScient, as 

A heptagonal prism .25 inch high and 75 inch side has 
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one of its sides forming sn angle of 20°^ and is placed on 
a plane inclined at an angle of 60° with the horizon. The 
prism is surmoonted by a heptagonal pyramid 1 inch high^ 
whose base coincides exactly with the upper surface of the 
prism. Show its horizontal projection. 

The heights a b .25 and cd\,2h showing the position and 
combined height of the prism^ and of the axis of the pyra- 
mid will suffice^ as the inspection of the diagram will show ; 
to determine the horizontal projection required. (Fig. 36.) 

Two sides of a triangle, respectively .75 and 1 inch long, 
meet on the horizontal plane, the first has its extremity at 
.25, and the second at .5 inch above the horizon. They 
are contained by a plane inclined to the horizon at an angle 
of 50®. Complete the triangle, and determine the real 
angle contained by the two lines as well as their horizontal 
projection. (Fig. 37.) 

Construct the angle a b c, and draw any where the per- 
pendicular d e equal to .25 inch, and d f equal to .5 inch. 
Make/ h equal to .75 inch and e g equal to 1 inch. The 
plane ab c being reduced to the horizon will contain the 
two lines/' h! and/' g^ equal to /A and eg, the real angle 
between which has to be measured, and the horizontal 
projection of the triangle to be completed as usual. 

A plane forming an angle of 42"^, contains an isosceles 
triangle of 1.5 inches side, whose base of 1 inch is in- 
clined to the horizon at an angle of 29°, show its projection. 

(Pig. 38.) 

This exercise requires no explanation, being a mere re- 
petition. 

When the inclination of two sides of an object are given, 
to determine its horizontal projection and the inclination 
of the plane containing it, as. 

Two adjacent sides of a square 1.25 inches side are re- 
spectively inclined to the horizon at angles of 34** and 20°. 
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Construct the plan of the square, and determine also the 
inclination of the plane on which it is situated. 

Draw abyUC, the two 'sides of the square^ each 1 .5 inch 
long, and forming at a an angle of 90^. Make the angle abd 
equal to 34°, and the angle ace equal to 20°. Draw a d 
, at right angles to b d, and firom a as a centre^ with radius 
a d describe the arc df, draw a f through e at right angles 
to € c, and draw/^ parallel to e c, and meeting a c pro- 
duced in ff. Draw the axis ff b, produced towards k. 
This axis ff b will be a horizontal or line of level on which 
the plane containing the figure is supposed to revolye. 
Complete the square by drawing c h and b h respectively at 
right angles to a c and a b, and construct the elevation by 
drawing :r y at right angles to ff b k. Make k m equal to 
a rf, and draw k n parallel to ^ y. Draw the projectors 
a-1, c-2, and H-3 to x y, and parallel to ff k. From centre 
m, with radius m-l, describe the arc 1-0, meeting ^ n in o, 
and from the same centre describe also the arcs 2-p and 
S-g, meeting the line o q drawn through m, and deter- 
mining likewise the real inclination of the plane contain- 
ing the square, the lines drawn from o, p and q, parallel to 
ff k, meeting lines drawn parallel to x y, in a a\ c c', and 
A A', will determine the position of the comers of the square. 
(Fig. 39.) 

Find the value of the angle x m o. 

The following construction is a mere repetition of what 
has just been explained. The two adjacent sides a b and 
a c of a parallelogram are respectively 1 and 1.65 inches 
long, a i is inclined to the horizontal an angle of 38°, and 
a c at an angle of 16°. Find its projection and deter- 
mine the inclination of the plane on which it is situated. 
(Fig. 40.) 

A cube of 1 inch edge has two of its sides forming angles 
of 50° and 25° \vith the horizon, its base coincides with 
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that of a right square pyramid 3 inches high, showing on 
its surface at 2 of its height lines parallel to its base — de- 
termine the projections of the cube and pyramid, showing 
also the intersection of the two solids. 

It is evident that the first part of this problem is in every 
respect similar to those already described. On the line of 
inclination, o q, construct the elevation of the cube or, p s, 
m t, and q u, and determine likewise the height of the axis 
of the pyramid r u? at | of which at / draw a line at right 
angles to it, and determine the horizontal projection in 
the usual manner. (Fig. 41 .) 

Two sides 1 .25 inches long of a triangular right pyramid 
1.5 inches high, are respectively inclined at angles of 52** 
and 37** to the horizon, determine its projections. (Fig. 42.) 

The preceding problems being understood, no difficulty 
whatever should be experienced in the construction of this 
and of the four following questions, which should require no 
further explanation, and be understood by mere inspection. 

A triangular prism 1 inch side and .25 inch side, has 
two of the edges of its faces, forming respectively angles 
of 40° and 55** to the horizon, construct its projection. 
(Fig. 43.) 

A pentagonal pyramid, 1 inch side, 2 inches high, has 
two of its edges inclined respectively at angles of 23 and 
14° respectively to the horizon. Show its projections, and 
determine on its surface a horizontal, determined at i its 
height taken on its axis. (Fig. 44.) 

A block 1 inch long, .75 inch broad, and .5 inch 
high, contains on its upper surface an ellipse whose major 
axis 1 inch long is inclined to the horizon at an ajigle of 
50% and its minor axis, .75 inch long, forms with the 
horizon an angle of 25% construct its projections. (Fig. 45.) 

A square block .8 inch side and .15 inch high, is sur* 
mounted by a cylinder .6 inch high, terminated by a cone 
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•65 inch hi^^ whose base coincides with the top of the 
cylinder and whose surface is tangent to the sides of the 
block. Constnict its projections. (Fig. 46.) 

A plane inclined at an angle of 25^ to the horizon has 
its horizontal forming an angle of 40° with the vertical 
plane. Construct its projections. (Fig. 47.) 

On ^ y make the angle a b c equal to 40° : b c ¥nll be 
the horizontal required. Draw acdeA, right angles to c i, 
and make the angle a c d equal to 25^ (the angle which 
the plane makes with the horizon) • Make addX right angles 
to a c, and a e equal to a a at right angles to a d. Join e b. 

Application. 

The projections of a cube .85 inch edge standing on 
a plane inclined to the horizon at an angle of 25^^ and 
whose horizontal trace makes an angle of 40^ with the 
vertical plane. One edge of the cube making witii this 
trace an angle of 50® : let the lowest face be considered 
likewise as the base of a right p]^:tunid 1.65 inch high. 
(Fig. 48.) 

The projections of the plane are determined in the 
manner that has just been explained. 

Draw the side of the square CH at the angle of 50° 
with the horizontal trace b c, and project it on the eleva* 
tion c a ; reduce it now to its horizontal projection HO, 
and complete the plan of the square H C K L, and through 
the elevation on c d. Complete its projection in K' L', com- 
plete likewise on c rf the profile elevation of the cube in 
7n p, n q, or, and c s, and construct its horizontal pro- 
jection on G H' K' L' (the edges being at right angles 
to c b.) On c d determine the profile elevation of the 
square pyramid mn o c, having its apex in t, its horizontal 
projection will be determined by lines parallel to c b. 
To constnict the elevation on the vertical plane, parallel 
to c a, draw the lines o o' , n n\ m m' , and from a as a 
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centre describe the arcs mm^',n n'\ o o" , and from fn'\ 
»", and o'' draw lines parallel to a b. From every point 
in the figure horizontally projected, erect perpendiculars, 
cutting those lines at the intersection of which other lines 
drawn perpendicular to 6 e will determine the position of 
the lines required to complete the elevation. 

I have endeavoured thus far to reduce to certain fixed 
rules the method of Orthographic projections, and by con- 
structing every given subject in the same manner, and 
according to the same principles, my aim was to demon- 
strate the analogy between each. There is nevertheless 
no fixed and universal method of projections, the results 
and principles are the same, but the methods vary. The 
diagrams 49 and 50 are examples to the purpose. 

A cube .75 inch edge has one of its faces inclined to 
the horizon at an angle of 30^, construct its projections. 

Draw a b perpendicular to x y for an auxiliary plane, 
and construct tiie plane A, according to dimensions. 

Construct the plane B at 30^ for the inclination of the 
base of the solid. (Fig. 49.) 

Horizontal and perpendicular projectors, as seen in the 
diagram, will first give the elevation B, and then enable 
the elevation C and horizontal projection D to be con* 
staructed. 

A cylinder 1.25 inches diameter and 1.5 inches high, 
has its axis inclined to the horizon at an angle of 28^, 
construct its projections. (Fig. 50.) 

Let the circle A B C D represent the plan of the cylindert 
On AC as a base draw AE at the given angle (28^.) On 
AE as a base draw the elevation A G E F ; the perpendi* 
cular FH, GK, will determine the minor axis of the upper 
elliptical surface, aud LA that of the imder face. The 
projection of the diameter BD, parallel to CK, will deter^ 
mine the breadth of the major axis : inspection will show 
the rest. 
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In mechanical and architectural drawing it is often 
necessary to represent the intersection of solids, or sur- 
faces of different kinds^ such as the junction of cylinders, 
pipes of different diameters, and at different angles, the 
crossing of arches, bridges, &c. These cases are solved 
in the following maimer :— 

Two cylinders of equal diameters intersect in such a 
manner that their axes cross at right angles to each other. 
(Fig. 51.) 

Inspection of the diagram will show that the intersection 
of cylinders of equal dimensions, and under these condi- 
tions will form in plan the cross abed. 

The axes of two cylinders of different diameters, inter- 
sect at right angles ; show their projection. (Fig. 52.) 

Let a and b represent the vertical and horizontal pro- 
jections of the cylinders. 

Produce the points c e in c e' c e", and draw the semi- 
circle GKjG ; and the points// in/' /'' ; draw any where 
the horizontal d d parallel to c c, and cutting the circle in 
e e, and the semicircle in KH. Draw e e^ e e^' parallel to 
c c' and c e" y take in the compass the distance HK, and 
transfer it from the axis C C right and left to LL on the 
lines e' e", 

A curve drawn through / / c' /' will give the horizontal 
projection of one side of the intersection. The other side 
is to be completed in a similar manner. 

The axis of two cylinders of different diameters inter- 
sect obliquely, show their projection. (Fig. 53.) 

The inspection of the diagram will show that the prin- 
ciples of construction are precisely similar to the above. 

Application. 

The soffit, or intrados of an arched passage 32 feet 
wide^ is intersected at right angles by an arched passage 
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of 16 feet wide^ in such a maimer that the axes of their 
semicircular arches are also intersecting. Show the plan 
of the intersection of the arches on a scale of 10 feet to 
1 inch. (Fig. 56.) 

The inspection of the first part of the preceding ques- 
tion will give the solution of the present case. 

Two cylinders of different diameters laid on their side 
intersect in such a manner that their lower surfaces coin- 
cide. 

First case^ fig. 54^ a and b shows the elevation and plan 
of the cylinders when at right angles to each other. In- 
spection of the diagram will show the analogy between 
this construction and that of diagram 52. 

The points of intersection of the cylinders, whatever 
may be their position, are determined by a series of hori- 
zontals taken at will on the elevation, and determined on 
the plan by a series of lines at right angles to them. Fig. 
55 is a further demonstration of the same problem applied 
to cylinders oblique to each other, but following the same 
principles of construction. 

Determine the penetration of a sphere by a right cone. 
(Fig. 57.) 

Draw the horizontal and vertical projection of the solids 
in the usual manner. 

The projectors a a\ h b' , c c', will determine the lower 
curve of penetration, and rf d\ hh', and// ' will determine 
the upper one. 

From the centre A with radius AC describe the arc 
g a fff meeting the horizontal projections of the genera- 
trix of the cone, the curve g a g b will show their inter- 
section. 

From the centre A with radius Ah describe in a similar 
manner the curve he h, and describe the curve h dhf. 

Two right cones^ with bases of different diameters, in- 
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tersect with their axis oblique to each other. Show their 
cnry 08 of p^ietration . 

Fig. 56^ a and b, show the plan and elevation of the so- 
lids. On the elevation^ and at right angles to the axis^ 
e dj Hirongh the points of intersection; draw the horizon- 
tals c 1^/2^ 3 A^ and 4 A. 

From centre Ain plan^ wiUi radios I e, 2f, 8 hy and4 K, 
describe arce^ if tiie intersecting cone is oblique to the 
vertical plane^ determine the distances firom a to e', f, V 
and k\ if the cone is parallel to it. The inspection of the 
diagram will show how to complete the figure. 

Show the intersection of a right cylinder with a cone 
when their axes are et right angles with each other. 

Should the axis of the cylinder be oblique to the cone^ 
the mode of its construction would but slightly vary with 
that just explained. And the inspection of the diagram 
59 will show that the present quest^n is based on pre- 
cisely the same principles^ and that its solution is equally 
simple. 

The five horizontals, 1, 2, 3, 4, 5, through the elevation 
will determine the diameters of the curves as 1' 2' 3' 4' 
and 5' in plan, and show the points of intersection of the 
solids, {yide diagram.) 

The intersection of a sphere by a cylinder also follows 
similar rules. (Fig. 60.) 

Construct the plan and elevation of the sphere, and de- 
termine the position of the plan of the cylinder, through 
which draw the lines 1, 2, 3, 4, parallel to a? y, through 
the points of intersection of these lines with the circum- 
ference of the cylinder, draw verticals produced through 
its elevation. 

From B as centre, with radii 1 a, 2 i, 3 c, and 4 deter- 
mine the points a', 6', c\ and d' on those perpendiculars, 
and complete the curve with the hand. 
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Two right cones having bases of different diameters 
intersect^ show their projection. (Pig. 61.) 

Let a b equal the diameter of the krger cone at its base> 
c its apex. 

Let d e equal the diameter and position of the smaller 
cone, and /represent its apex. 

Construct their elevations in a' d' c', and in rf' ^^ f* 
Through/, c, draw h h, at right angles to which draw the 
profile section of the cones hf^^End hc'^ k^ intersecting 
in y\ With radius c y describe the circle / l, and project 
it in /'/' ; draw h h' perpendicular io xy, and join h' and 
c\ intersecting V V in m. From the centre/ with radius 
/ ^/describe the circle y z. (The circles 1 1 and y z will be 
horizontals of the highest point of intersection of the cones), 
bisect y h m Of and describe the circle y h for the hori- 
zontal projection of the elliptical section of the two cones. 
Prom c describe any circle p s, cutting y h in r r, and 
project it in/?' p', draw r r parallel to a' i', cutting;?';?' 
in r' r' : r' r' will become two points, through which the 
sectional ellipse will pass : draw i t' tangent to the circle 
yrhr, and cutting/' e' in /'. Through the points A' r' 
r' /' and m draw the ellipse. 

Bequired the projections of a cylinder of 1 inch dia* 
meter, and 1.5 inch high, lying on its side perpendicular 
to the vertical plane. Show the section that would be pro- 
duoed by a plane passing through and making an angle 
of 45° with its axis. (Pig. 62.) 

Divide the circumference of the circle forming the eleva- 
tion into any number of equal parts, 1, 2, 3, 4, 5, 6, &c. 

Below a y, draw the plan according to conditions of posi- 
tion, breadth, height, &c. ; firom each point on the elevation 
drop perpendiculars I'l', 2 2", 3'3', 4'4', 5'5'and 6'6' ; 
and for the section draw/ y at the given angle with the 
axis, and draw perpendiculars to it through each point 
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where it is crossed by the lines parallel to the axis. Make 
these perpendiculars equal in length to their corresponding 
lines in the elevation. 

Application. 

Draw the plan of a length of 30 feet of a semicircular 
arch of 18 feet span and 6 feet thick^ standing on abut- 
ments or side walls 10 feet thick^ and 10 feet high to the 
springing of the arch. Draw a section through the arch 
and abutments on a line inclined to the axis of the arch at 
an angle of 43°. Scale 20 feet to 1 inch. (Fig. 63.) 

The preceding question being understood, this requires 
no further explanation. 

Show an inner arc of 130° of a circular tunnel, semi- 
circularly vaulted, whose span equals 10 feet, and one of 
the extremities of which is at right angles with its axis. 
The other forms with it an angle of 40°, show the two 
sections. Also a third vertical section on a segment of 
the arch, in any direction, but passing through the crown 
of the arch. (Fig. 64.) Scale 10 ft. to 1 inch. 

Like No. 63, this figure is evidently an application of 
fig. 62, and therefore needs no further explanation. 

Show the projection of a right cylinder standing on 
the plane of its base, having a rope twisted spirally round it, 
and having an inclination or pitch of 1 in 3. (Fig. 65.) 

Like in the preceding problems, divide the circum- 
ference of the circle forming the base into any number of 
equal parts or sections (say 12), for the semi -circumference. 
For the elevation, construct on x y the parallelogram a b, 
c d, equal to the height required. From each of the sec- 
tional points on the plan meeting the semi-circumference 
draw lines 1-1', 2-2', 3-3', 4-4', 5-5', 6-6' , 7-7', 8-8', 9-9', 
10-10', 11-11', through a? y and parallel to the axis of the 
cylinder. To obtain the pitch, say 1 in 3, take in your 
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compass that fraction (-J) of the arc of one of the sectors 
(say 1-2)^ and with that distance draw on the elevation a 
series of equi-distant horizontal and parallel lines^ whose 
intersections with the verticals corresponding to the sec- 
torial points^ will determine the curve which is 'to pass 
through them. 

N.B. — As this problem is applied to the construction of 
circular staircases, helices, screws, and curves of regular 
pitch, &c., the principles of which are precisely the same, 
the five following problems will only require slight modifi- 
cations for their solution. 

The two diameters and pitch of a square screw being 
given, construct it upon the plan. 

Draw the two concentric semicircles a by c dy equal to 
the given diameters, and from the central one erect a per- 
pendicular for the axis of the screw. Construct the eleva- 
tion, and divide the circle explained into the number of 
required parts. The inspection of the diagram will show 
that the problem is to be completed in the same manner 
as the one just explained. (Fig. Qt^,) 

The two diameters and pitch, say -j^ of a V screw being 
given, construct it. (Fig. 67.) 

The two diameters and pitch of a spiral staircase being 
given, show its projections. (Fig. 68.) 

ITiese two diagrams need no further explanation, for 
their inspection will show the analogy of their construction 
with the problems already given. 

Around the surface of a cone construct a spiral of re- 
gular pitch. (Fig. 69.) 

Divide the plan into any convenient number of equal 
sectors, and on each point determined on the circum- 
ference draw perpendiculars to x y, meeting the base of 
the elevation. Divide the altitude of the cone into a series 
of horizontal contours proportioned to the rate of inclina- 
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tion reqtured for the pitch, and from every point at the 
base of the elevation draw lines ab c d e, converging to 
the apex. The curve drawn through the points of inter** 
section of tiie radiating Unes, with the contours, will give 
the elevation of the curve, and perpendiculars projected 
downwards through x y, to their corresponding horizontal 
projection will give thephin of the curve. 

Around a hemispherical surfiEtce, or a sphere, to con- 
struct a spiral, having a given regular pitch. (Fig* 70.) 

The only difference &om the preceding construction is 
in the elevation. The ribs being converted into vertical 
arcs, and obtained as in the construction of arcs of longi- 
tude in geographical charts* A line bisecting the distance 
a k will meet x y in 1, which will become the centre of 
the arc ah; in the same manner the arc b k will have its 
centre at 2, c it at 3, {/Ar at 4, a A: at 5. These centres'trans- 
ferred on the opposite side of the axis it A: wiU likewise give 
the position of the other arcs. 

The remaining part of the figure is obtained aa already 
explained. 

Show the projections of a right cone 1.5 inches high, 
standing on the plane of its base, which is 1 inch in dia- 
meter. Show the position of a point situated on its sur- 
face at a perpendicular height of 1 inch above the base, 
appearing at .25 inch from its right boundary line, as seen 
in its elevation. 

Draw a' b' parallel to x y, and 1 inch from it : on it de- 
termine at .25 from b' the point c', through which draw 
e' c' d' , From centre c describe the arc a b, horizontal 
projection of a' b' , draw d' d perpendicular to x y, and 
join d e, intersecting the arc a b m c, the horizontal pro- 
jection of the point required. (Fig. 71 .) 

Given the horizontal and vertical projections of a cone. 
Show an elliptical section, the major axis forming a given 
nngle with tlio horizon. 
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Divide the height a a' into any number of horizontal^ 
equidistant^ and parallel contours. Divide the semicircular 
base c d into the same number of concentric circles corre- 
sponding with these contours. Let f g' represent the 
inclination of the sectional plane. From the points P' 1 ' 2' 3' 
and g' draw perpendiculars cutting their corresponding 
contours in /, 1, 2, 3, and g. From 1' 2' 3' draw perpen- 
diculars \>ofg equal in length to the distance of the points 
1' 2' 3^ from the base line c d. Through those points draw 
the curve. (Fig. 72.) 

Application. 

l)raw the plan of a conical mound of earth 300 feet in 
diameter cmd 80 feet high^ on a scale of 100 feet to 1 inch. 
Show on its plan^ contours at 10 feet vertical intervals^ and 
draw the horizontal projection of the surface that would 
be exposed if this mound were cut by a plane inclined to 
the horizon at an angle of 15^^ and intersecting the mound 
at a height of 70 feet. 

Determine the projections of the parabolic section of a 
given cone. 

A few moments' consideration will show the analogy 
between this and the preceding figure. The construction^ 
being based on precisely the same principles, requires no 
further directions. (Fig. 73.) 

Application. 

A cone 3 inches high^ standing on a base described with 
a radius of 1.25 inches^ is cut by a piano parallel to its 
generatrix, and at a distance of 1 inch from it : draw its 
plan, and the intersection bf the plane with the cone^ and 
show also the actual outline of the section formed by the 
plane with its surface. 

Show a given hyperbolic section of a cone. As the 
hyperbolic section of the cone would only be represented 
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in plan by a straight '^lefg, its elevation wonld be deter- 
mined by verticals drawn from the intersection of that line 
with the contours and with their corresponding horizontals 
in the elevation. The hyperbola, therefore, would be 
determined by perpendiculars taken on /^ at the points 
1234567 8, and cutting the horizontals in 1' 2' 3' 4' 
5'6'7'8', &c. (Fig. 74.) 

Application. 
Two right cones, 3 inches high and 4 inches in diameter 
at their base, whose axes are parallel and at 1 inch dis- 
tance from each other, intersect : draw the section pro« 
duced by that intersection. 

Developments. 

The development of a solid is a Geometrical mode of 
presenting at one view, and axjcording to real dimensions, 
every part of its surface, and the proportion and position of 
whatever it contains. That method is especially of use to 
many classes of artizans, as it enables them readily to 
compute the superficial amount of materials required for 
the completion of their work. In this method, every edge 
but one or two of a surface becomes disconnected from its 
contiguous faces, aud laid flat or spread on a horizontal 
plane. It is evident, therefore, that as a tetrahedron (Fig. 
75) is a rectangular figure, and composed of four equi- 
lateral triangles, one of which forms its base, three equi- 
lateral triangles, constructed one on each of the edges 
of that base, will show the development of the whole 
surface. 

A cube or hexahedron, bei^g composed of 6 square 
faces, will have the development shown in Fig. 76. 

An octahedron consisting of eight equiangular and equi- 
lateral triangles, will be developed as in Fig. 77. 

A dodecahedron, composed of twelve equilateral and 
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equiangalar pentagons^ will show its development as in 
Pig. 78. 

An icosahedron^ consisting of twenty equilateral and 
eqniangolar triangles^ will be developed as in Fig. 79. 

A cylinder^ however^ most be considered as a prism 
consisting of an infinite number of parallelogramic faces ; 
therefore, divide the circumference into any minute num- 
ber of equal parts^ and transfer each of those parts on a 
straight line by stepping the compass on it according to 
the number required. On account of want of space, the 
elevation of Fig. 80 only shows half the development of 
the cylinder. 

A cone (Fig. 81), will be developed in a somewhat 
similar manner. From centre A, with radius AB, describe 
the indefinite arc BC, on the circumference of which step 
similarly the openings of as many sectors as the circum- 
ference forming its base is divided into. 

These examples being understood, no difficulty will bo 
experienced in the projecting Fig. 82. 

A pentagonal pyramid 1 inch edge, 1.25 inch high, 
obliquely truncated at .7 of its height, having a portion of 
three of its contiguous faces cut by a vertical plane : and 
obliquely truncated towards its apex. 

Show the development of a cone 1.9 inch diameter, 
and 1.125 inch high, showing the position of a circular, an 
elliptical, a parabolic, and a hyperbolic section. (Fig. 83.) 

Divide the circumference into any number of equal 
sectors, abed efg h *, and from these draw concentric 
lines to L. Draw the projectors aa" hW cd', &c., per- 
pendicular to X y, and determine L' the height of the 
axis of the cone. From L' L as a centre draw the lines Jj a", 
L b" L c^, &c., to complete the elevation. From L^ as a 
centre, with radius 1a' K, describe the arc a' k*, and take 
in the compass the distance a b and step it on the arc 

h2 
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a' V a' as many times as there are sectors in the cir- 
cumference of the plan (16 times). 

On the elevation, A'B' will show the horizontal or cir- 
cular section of the cone, CD' the position of the ellipse, 
(? E' that of the parabola, and/*' F' that of the hyperbola. 
From these, their horizontal projection in AB, CD, ccE, 
and//F, need scarcely be explained* 

To determine their position on the development it is 
only necessary to draw horizontals &om the generatrix 
through every point on the elevation, determined by the 
intersection of the sectional representation of the figure, 
with the vertical projection of the lines radiating from the 
vertex L' to the base a** V ; thus, for the development of 
the ellipse, the distances \I 1, L 2, &;c., transferred on the 
corresponding radii of the development, wiU determine 
the points through which the curve is to pass. 

Similarly for the parabola, the horizontals from the 
sectional projection to the generatrix will also determine 
on the latter the corresponding points on the development. 
The hyperbola will follow the same rule. 

SHADOWS. 

A luminary is a body emitting a stream of light, render- 
ing visible and illuminating the objects upon which it falls. 
Light proceeds in direct lines or rays, radiating when 
produced by an artificial Imninary, such as a lamp or a fire 
or any other chemical or electrical agency, and forming a 
cone or pyramid of rays, increasing the size of the cast 
shadow of an interposing object according to distance, but 
decreasing in intensity and sharpness of form in the in- 
verse ratio of its expansion. Except in particular cases, 
however, more within the province of the artist, this 
method of representing shadows is not practised. In Greo- 
metrical drawing, the great natural source of light, the 
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8im^ is assumed to be the ordinary lominary; and for prac- 
tical purposes, on account of its great distance from our 
sphere, its rays are supposed to fall parallel to each other, 
casting thereby the shadow of intercepting objects in a 
parallel direction on the planes influenced by them. 

As that portion of an opaque surface directly exposed 
to the rays of light is illuminated, that portion which is 
opposed to it, and consequently deprived of its influence, 
IB said to be ''in the shade.'' The surface or space on 
which that shade is projected is called the '' shadow.'' The 
terms " shadow proper," and " cast shadow," are some- 
times applied to distinguish these two conditions. 

According to nature, and with reference to the co-ordi- 
nate planes of projection, the projections of shadows are 
liable to vary indefinitely ; for they may be influenced in 
plan by the assumed altitude and direction of the lumi- 
nary, and in elevation by the given angle which the ray 
of Ught may happen to form with the vertical plane. 

For the sake of uniformity, however, where no particular 
data is required^ a conventional and universal method of 
determining shadows has been adopted by architects, and 
will be described hereafter. 

The inspection of Diagram^ No. 84, will explain the na- 
tural method of representing shades and shadows under 
various conditions. 

Let the point a represent the position in plan, and the 
line a' a* rej»*esent the elevation of a stick. Let / deter- 
* mine the vertical position of a luminary, and / its horizontal 
projection. Li this instance it is evident that should the 
rays of light be parallel to the vertical plane, the shadow 
of a' a" would be cast to b', which, in plan, would be de- 
termined by a hne proceeding from the direction of / 
through a, and determine the cast shadow a b equal in 
length to a" b' in the elevation* If, from a as a centre with 
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radios a b, we describe a circle^ its circamference will show, 
the limits of the length of that shadow^ no matter what 
angle the ray of light may form with the vertical plane on 
which the elevation is projected. Should the luminary be 
placed lower, as in Z^ 2, or higher, as in /' 3, the length 
of the projected shadow would evidently vary with the 
altitude of the luminary, for the latter placed in /' 2 would 
produce the shadow a'-A2', and, proceeding from /'3, 
would determine the shadow a' b S'. Similarly the direc- 
tion of the shadow in plan must vary with the position of 
the luminary in reference to the vertical plane. The lumi- 
nary in / will give that shadow parallel to the vertical 
plane ; / 2 will cast its shadow a-b 2, proceeding from the 
left front of the picture towards that plane, and / 3, proceed- 
ing from the left rear, will cast its shadow in a-b 3 towards 
the spectator. The distances a-b, a-b 2, a-b 3 forming, as 
we have already observed, the radii of circles determining 
the horizontal projection of the shadows. It is clear, there- 
fore, that the given angle which the ray of light is to form 
with the horizon must be determined on the vertical plane, 
and that the angle which it makes with the vertical plane 
must conversely be determined on the horizontal plane. 

These observations being understood, the following ex- 
amples will not present much difficulty : — 

1 . Determine the shadow cast by a cube upon a hori- 
zontal plane, the rays of light forming an angle of 45° with 
the horizon, and parallel to the vertical plane. (Fig. 85.) 

After having obtained the horizontal and vertical pro- 
jections of the cube in the usual manner, determine on 
the vertical plane the angle a" b^ a\ equal to the given 
inclination of the ray of light with the horizon : parallel 
to a" y draw & d' and e'f. On the horizontal plane make 
a b equal to a' A', and parallel to it draw c d and c/of 
equal length. Join d bf to complete the shadow required. 
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N.B. The angle of 45** has the advantage of determin- 
ing by mere inspection the height of an object, the plan 
only of which is given ; the shadow at that angle being 
equal in length to the height of the object. The adoption 
of this property of the angle of 45° may be rendered espe- 
cially valuable in military topography. 

The shadow of an object being determined in plan, and 
the angle of inclination of the ray of light being known, 
it is likewise easy to determine its height, which equals 
that of the perpendicular a c of a right angle triangle ab c, 
of which the length of shadow a b forms the base, and the 
hypothenuse b c forming with a b the known angle of in- 
clination, forms the third side. 

2. The shadow g b d of the pentagonal pyramid d efg h, 
and the angle of inclination which the ray of light makes 
with the horizon being given (60°), determine the height 
of the pyramid (Fig. 86). Join a i, and draw indefinitely 
the perpendicular ac : at A, make the angle a b c equal to 
the given angle, and produce b c till it cuts a ci a c will 
be the height of the pyramid. 

3. Determine the shadow of a cylinder lying on its side, 
the rays of light forming an angle of 60° with the horizon, 
and of 40" with the vertical plane. (Fig. 87.) 

The projections of the cylinder in this position are 
parallelograms similar to those that would be produced by 
a parallelopiped whose shadow a' V c' g' transferred on 
the hdrizontal plane, according to the given conditions, 
would produce the figure c d efh. But, as this assumed 
parallelopiped contains the cylinder whose diameters are 
in plan c & and in elevation a' a", their projection will 
be ellipses, the position of whose axis ah, g ^ and Ar, 
are determined by the direction of the angle of light. In- 
spection of the diagrams will show how to complete the 
figure. 
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4. Required the shadow of a cone projected on a wall 
behind it^ the ray of light forming an angle of 30^ with the 
horizon^ and falling from the left front of the picture 
towards the wall at an angle of 55^. (Fig. 88.) 

Determine the angle a' b cT for the inclination of the 
ray of light to the horizon^ and draw a V equal \x} a" h^ 
forming with x y an angle of 55^. Tangent to the base of 
the cone, and in the direction of h\ draw d e and rf' / for 
the horizontal portion of the shadow. Draw c V at right 
angles with x y, and make V V parallel to it. Join e Vf 
for the vertical portion of the shadow cast on the wall. 

5. Determine the shadow of a square pyramid whose 
base is raised at a given height above the horizontal plane, 
the ray of light falling at an cuigle of 40^ with the horizon, 
parallel to the vertical plane. 

The mere inspection of Diagram 89 should suffice for 
the solution of this question, as well as that of Fig. 90, 
which represents — 

6. A hexagonal prism of 1 inch side, and 1.2 inches 
edge, laid on one of its faces at right angles .to the vertical 
plane. 

Practice. 

7. Determine the shadow of a sphere cast on a hori- 
zontal plane, the ray of light forming an angle of 40° with 
the horizon, parallel to the vertical plane. 

8. The axis of a cone 1 inch high and .75 inch diameter 
at its base, is at .65 inch distance from one side of a 
cubical box and at .6 inch from the other side : show the 
shadow which would fall both on the bottom and on the 
sides of the box, supposing parallel rays of light to fall 
upon the cone at angles of 30° with the horizon, and at 50® 
with the further side of the box. (Fig. 91.) 

The inspection of this diagram >vill show its analogy 
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witH Fig 88^ from wliich it differs only by the addition of 
the auxiliary plane «' y', on which a portion of the shadow 
is projected according to the same method. 

9. A line .5 inch long represents the plan of a stick 
8 feet long^ inclined in the direction of a wall 8 feet dis- 
tance at an angle of 80^ : show its shadow^ the ray of light 
forming cui angle of 45^ with the horizon and with the 
vertical plane. (Fig. 92.) 

Let a b represent the horizontal projection of the sticky 
having its upper extremity in a. To obtain its height^ 
erect the perpendicular a c, and with radius equal to the 
whole length of the sticky from & as a centre determine 
the point C : transfer the distance a c to a' c' for the height 
of the vertical projection determined by the line c' b', 
which line may now be treated as the generatrix of a cone, 
cmd its shadow determined accordingly. 

Inspection of the diagram will show that the question 
is but another partial application of question 4. (Fig. 88.) 

In the conventional method adopted by architects^ Sec., 
it is assumed that the rays of light fall parallel to each 
other, in the direction of the diagonal of a cube, two of 
whose faces are parallel to the vertical plaue, and the 
traces of which rays form with both planes angles of 45°. 
This combination of rays forms a real angle of 35° 16' 
with the horizontal plane, and the shadows in the following 
diagrams are cast according to those conditions. 

Let abed (Fig. 93) represent the plan, e/the eleva- 
tion, and a c / m a section taken in the direction of the 
diagonal of the cube : it is evident that the line m c will 
show the direction of that diagonal (which has an inclina- 
tion of 35° 16' ¥rith the horizon) and that the ray of 
light / V, parallel to it, will determine on the horizontal 
plane the length of the shadow c V cast by the edge of the 
cube c L The edges b and d, being of equal height with 
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/ c, will similarly cast their shadow^ b h and d hi h V and 
V k drawn parallel to 6 c and c d will complete it. 

On the elevation^ determine likewise the shadow of the 
cube by making eg equal to ef, making thereby the angle 
c^/ equal to 45°. 

The rays of light cast on an object standing on a hori- 
zontal plane will produce direct rays of shadow; but if that 
plane is cut by another plane forming any angle with it or 
with the horizon, the projection of the ray of shadow will 
follow the direction of the intervening plane. Thus, in 
Fig. 94, to determine the projection of the shadow cast 
by a cube on a vertical plane at any given distance behind 
it. Let abed represent its plan, efgh its elevation, 
and determine the ray of light g k, forming an angle of 
45° with the horizon. Draw b ly c m, d n, equal to the 
diagonal a c, and forming likewise angles of 45° with x y. 
Join b I m n d {oT the projection of the shadow cast on the 
horizontal plane. 

To show that portion of shadow which is cast on the 
vertical plane, at o, where c m intersects x y, erect the 
perpendicular o p, equal to k m, and join k p. At s draw 
s t perpendicular to x y and equal to o p, join p t Sy and 
the whole shadow ^vill be represented under the required 
conditions by tbe figure b Ik p t s d. 

Under similar conditions, determine the shadow cast by 
a square block, say 2 inches side, 1.5 inches high, sur- 
mounted by a square pyramid 3 inches high, whose base 
coincides with the upper surface of the block. 

After having obtained in the usual manner the plan and 
elevation of the solid, determine the direction of the ver- 
tical and horizontal rays of light, as already explained, 
and, at the junction of the horizontal rays with x y, erect 
the pcq)cndiculars, whose heights are determined by the 
same process as in the preceding example ; from which the 
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present question is only a slight yariation. The inspection 
of Diagram 95 should prove a sufficient explanation for 
its complete solution. 

The mode of projecting the shadows described in the 
two last diagrams being well understood, no difficidty 
whatever need bo experienced in treating any kind of 
prisms in a similar manner. Fig. 96, which represents 
the shadow cast under similar conditions by a given cone, 
may serve as a typical example for all like questions, 
whether relating to cones or pyramids. 

The plan a, elevation i, and directions of shadow c and 
d, being determined, draw c/ parallel to c d and equal to 
it. Join ff f and h f for the vortical portion of the cast 
shadow. Draw a k and a / at right angles to k g and / /* 
to determine the shade of the cone. 

To project the shadow of a cylinder cast upon a wall 
under the same conditions. (Fig. 07.) 

The plan and elevation of tlio cylinder being drawn 
according to the usual method, determine the angles Of 
shadow. From centre A di*aw A / ^ produced, forming 
with JT y an angle of 45®. From its vertical projection a^ 
draw like\vise the line a' /, forming the same angle with 
X y. Draw / a" perpendicular to x y i a" \vill be the pro- 
jection of the point A, from which describe a circle equal 
to its projector. At right angles with A a' draw the dia- 
meter b c. Draw b s 8^ and c t t^ tangent to both circles, 
in order to complete the horizontal projection of the sha- 
dow, that portion of which, however, lying in the horizontal 
plane is only required. That portion of the shadow which 
is projected on the vertical plane is determined thus : — 

Parallel to k A I draw d n, and parallel to d d' draw 
k b b', 8 a, n d^j el c' ,e e' and g g\ Parallel to a' t, 
from the points d' V a' c\ draw lines intersecting these 
mod!'' £uid jf*', also in d" and in g\ The point u is de- 
termined by drawing t' u parallel to x'y. The visible part 



108 PRACTICAL LIKES IN 

of the carve is drawn through o d" g' and i«. He ellipse 
is completed by continning it through d!" and ^' . 

b 8 d" g' ut and c will determine the shape of the 
shadow required. 

Determine the boundary of light on a sphere in hori- 
zontal and vertical projection ; also the shadow projected 
by that sphere on both planes of projection^ according to 
the same conditions. 

Let A represent the plan^ and B the elevation, of the 
sphere. Through the centre a and its vertical projection 
a' draw the line b d, b' d\ forming angles of i&P, and in- 
tersecting in d\ At right angles with these lines draw 
the diameters ef, e'f, and draw the tangents ep,fq, 
e' p'y f q', parallel to the ray of light : join e c and transfer 
the distance e c from a to g,g will become the centre of the 
elliptical shadow of the sphere : through g draw ogn 
parallel to e af, for its minor axis. 

Parallel to e g draw s r tangent to the plan of the 
sphere, and from the point «, through the centre a, draw 
sk, make k t parallel to e c, and produce qf in. I, inter- 
Kecting k t in u. At w, the intersection of these two lines, 
draw u m parallel to ef; the distanced g m will equal half 
the major axis or the ellipse. Make g v equal to gm, and 
through the points m o v n describe the ellipse. At s 
draw 8 i parallel to e f, the semi-ellipse e if will deter- 
mine the limits of light cast on the sphere. Make a z equal 
to a i, and the point z will determine the culminating point 
of light. 

To represent the elevation, perpendicular to x y draw 
z z' y m m' % i', g g\ intersecting h' d' . These points will 
correspond with those similarly lettered in the plan : thus 
f i' e' will determine the boundary of light in the eleva- 
tion, z' its culminating point ; the distance^' w', produced 
in g v' J will complete the major axis, and n' o', drawn 
through g^ perpendicular to it, will determine the minor 
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axis of the ellipse formed by the shadow whose projections 
will be completed as shown in Diagram 98. 

The following examples are mostly founded on con- 
stmctions obtained from the ^'Traite de Dessin Industriel^ 
par Messrs. Armangaud Jeone et Amourouxj'' and a 
careful inspection of the diagrams will show the analogy 
between each and the method of construction adopted in 
similar cases. 

Fig. 99 represents a cylinder 1.25 inches in diameter^ 
surmounted by a cylindrical cap 2 inches in diameter and 
•25 inch high. In this^ as well as in the following dia- 
grams^ the direction of the rays of light form the usual 
angle of ASP with both planes of projection ; and, for the 
sake of convenience, only one half of the surface of each 
horizontal cap surmounting the solids is shown. 

From centre A draw the radii Kcc' and A e/, at angles 
of 45** with the horizontal plane, and draw Kdd' dX right 
angles to ^g. Draw b b'y d d'y ee\ parallel to A c c', and 
&om each point thus obtained on both circumferences 
project the perpendiculars b'-b 3, c'^cS, rf'-rf3, e'-c3, and 
firom the centre b 2, vrith radius b 2-i 3, determine the 
distance b2 b4; fix)m centre c 2, with radius c2-cS, de- 
termine the point c 4 ; &om d 2, with radius d 2'd S, 
determine the point d4; and from the centre c e, vrith 
radius e 2-e 3, find the point e 4, A curve drawn by the 
hand through the points £4, c4, (/4, e4 will show the 
shadow required. A careful inspection of the following 
diagrams will demonstrate that the mode of obtaining their 
shadows is precisely similar to that just explained, and 
therefore requires no further observations. 

Fig. 100 represents an octagonal prism, surmounted 
by an octagonal cap of larger dimensions, and whose 
sides are parallel to the fiEu^es of the prism. 

Fig. 101. A cylinder surmounted by a hexagonal cap. 
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Pig. 102. An octagonal prism, surmounted by a cylin- 
drical cap. 

Pig. 103. An octagonal prism, surmounted by a square 
cap. 

Fig. 104. A square prism, surmounted by a cylindrical 
cap. 

In these few examples on shadows I have purposely 
avoided entering into details which belong more to the 
province of the artist — the influence of reflected lights, of 
position, of distance, of the atmosphere, &c. The art of 
keeping or graduating lights or shades, under difierent cir- 
cumstances, will be found in ^' Hints on Freehand Draw- 
ing,^^ now preparing for publication. 

The foregoing questions being understood, the solution 
of the following questions will be found easy. 

Examples and Exercises on Shadows. 

A pentagonal pyramid, 2 inches side and 3 inches high, 
rests on the plane of its base. Show its shadow when cast 
on the horizontal plane, the ray of light forming an angle 
of 40° parallel to the vertical plane. 

Find the shadow of a frustum of a square pyramid, 
3 inches high, and whoso sides at the base are 3 inches 
long, and at top 2 inches. One side forms an angle of 30° 
with the vertical plane, and the ray of light falls at an 
angle of 60° with the horizon, and 45° with the vertical 
plane. 

A cylinder, 3 inches long and 2 inches in diameter, lies 
on its side, which forms an angle of 30° with the vertical 
plane. 

Project its shadow, the ray of light forming an angle of 
50° with the horizon, and of 00° with the vertical plane. 

A tetrahedron of 3 inches edge has neither of its sides 
parallel to the vertical plane, determine its shadow, the 
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angles of light forming 45^ with the horizon and the ver- 
tical plane. 

A cnbe of 2 inches edge has one of its faces forming an 
angle of 15® with the vertical plane. Draw its elevation, 
and also a section and sectional elevation on a plane, cut- 
ting two of the adjacent faces of the solid ; project also its 
shadow^ the rays of light forming angles of 30® with the 
horizon, and 48® with the vertical plane. 

A tetrahedron of 4 inches edge rests on one of its faces. 
Draw its plan and a sectional elevation on any plane not 
passing through the apex nor parallel to either edge of the 
base. Draw the shadow, when the ray of light forms an 
angle of 35® with the horizontal, and of 27® with the ver- 
tical plane. 

A hexagonal prism of 1 inch side has one of its faces 
forming an angle of 15® with the vertical plane. Draw 
a plan and section with shadow, the ray of light falling at 
an angle of 45® with the horizon, parallel to the vertical 
plane. 

Required the shadow of an inverted cone 1.5" high; 
diameter of the base 1 inch, raised .5 inch above the hori- 
zontal plane, direction of light 45® with the horizon, parallel 
to the vertical plane. 

A stick 3 inches long, placed vertically, casts its shadow 
on two steps, and on a wall behind ifc at .5 inch, each stop 
is .3 inch high and 2 inches broad ; light according to 
conventional conditions. 

Two cubes, the lowest of 1 inch edge, and the upper one 
1.3 inches edge, are superposed, so that neither of their 
vertical faces coincide. The upper one is surmounted by 
a square pyramid 1 inch high, whose base coincides with 
the upper face of the cube, required their conventional 
shadow. 

The profile section of a right prism is an equilateral 
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triangle of 37 feet side^ the prism is 62 feet long^ and rests 
on one £Etce. Draw its plan of the plane of that face, and 
an elevation showing one face and one end of the solid. 
Also a sectional elevation on a plane parallel to its eleva- 
tion. Give the shadow according to the conventional con- 
ditions. Scale Yhr. 

Required the plan^ elevation^ section and sectional eleva* 
tion of a square pyramid 2 inches edge and 3 inches high. 
One of whose edges of the base forms an angle of 32^ with 
the vertical plane. The vertical section is to cut three &ces 
of the solid, not parallel to either side of the base, nor to 
pass through the vortex. Give also the shadow, the ray 
of light forming an angle of 50^ with the horizon, and 25^ 
with the vertical plane. 

Let the above pyramid be truncated at ^ of its height 
&om the vertex : show likewise the shadow under similar 
conditions, and also the plan, elevation, and sectional ele- 
vation. 

A prism 3.5 inches long has for its ends regular hexa- 
gons of 1 inch side, and stands on one of its faces. Show 
its shadow under conventional conditions, and a section 
on a plane making an angle of 30^ with the side of the 
plan. 

DESCRIPTIVE GEOMETRY. 

As we have already observed, there is no universal sys- 
tem of projections. Objects may be represented ortho- 
graphically in certain positions, and under certain condi- 
tions, by means of plans, elevations and sections. Their 
form may be determined by means of their traces, or pro- 
jections, or through the agency of indices and contours. 
All these different methods, more or less based upon the 
same principles, have the same object in view, and tend to 
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tile same end. In some cases the application of one 
method may be more convenient than another^ and in 
many circnmstances^ in order to attain at the solution re* 
quired^ it is expedient to make use of a combination of the 
several methods. 

Orthographic projections^ the method of plans and ele- 
vations^ being not only the most simple in construction, 
but also that which seems the more natural, and which 
speaks most readily to the eye and to the imagination, is 
that which generally comes under first notice. Under the 
heading of Orthographic projections, and with the view of 
suiting the case of a particular class of students, I have 
introduced a few cases requiring for their solution the 
application of certain problems of Descriptive Geometry 
before having mentioned the first principles of this most 
important part of geometrical drawing. If, however, with 
the assistance of their teachers, these anticipated cases 
were understood, the student will bo better prepared for 
the apprehension of the following pages. 

Descriptive Geometry was first introduced by Monge, 
Professor of Mathematics at the Ecole Polytechnique in 
Paris. It was he who first conceived and demonstrated 
that objects of three dimensions might be represented by 
means of their traces or projections, cast according to 
certain rules and conditions upon one single plane, repre- 
senting in its turn two or more co-ordinate planes of pro- 
jection. This important subject has since been enlarged 
and improved upon by several eminent mathematicians, 
until it has reached its present state of development. 

Although some of the explanations and definitions given 
under the head of Orthographic projections {vide page 71) 
are in a great measure applicable to Descriptive G^metry, 
in as much that the position of the co-ordinate planes, the 
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mode of representing objects by means of their projections 
or traces^ are mostly identical. It may not be useless^ even 
at the risk of being prolix^ to repeat those introductory 
definitions which are more applicable to this branch of 
drawings and the perfect conception of which are abso- 
lutely necessary. I have neglected in this short treatise to 
repeat those introductory definitions relating to the plane 
and straight line^ because they can be obtained in any copy 
of Euclid^ Book XI. And it is hoped moreover that for 
pupils already partly trained in drawings the inspection of 
the accompanying diagrams will be sufficiently explicit, 
and induce them to use their reasoning powers. If not, 
a few moments of ocular demonstration, of viva voce ex- 
planation from a competent instructor will have more effi- 
cacy than several written pages* 

N.B. — ^In those kinds of demonstrations I have found 
an old stiff copy book cover, a few knitting needles, and 
some small corks most useful and convenient' 

The following few elementary problems, relating to 
straight lines and planes, based mostly upon the original 
work, or on some of the free translations of " Lefebure de 
Fourcy,^' are fundamental, and may be considered as rank- 
ing amongst the most useful : a clear comprehension of 
them is recommended, as it will materially aid to the attain- 
ment of the present object, viz. to open the threshold, to 
guide in the path of a most useful branch of the science. 
The entire acquisition of which must, however, depend on 
the future efforts of the learner. 

Depinitions. 

1 . The projection of a point in space A, upon a given 
plane of projection B, is obtained by drawing a line Aa 
from that point perpendicular to the plane. The point 
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where it meets that plane in a is the projecton of the ori- 
ginal point A. (Fig. 1, PL XL.) 

2. The projection of any line A B C D, Ac. upon a given 
plane^ will similarly be a line abed, &c., determined by 
the projection of every point in the given line upon the 
given plane. (Fig. 2.) 

3. The projecting cylinder a b of a plane curve AB, 
perpendicular to the plane of projection^ is a straight 
line^ as its plane coincides with the plane of the curve. 
(Fig. .3.) 

4. A straight line AB^ forming any angle with the 
planes of projection^ must be projected in a straight line 
a b (Fig. 4)y since the projection of its extremities^ a b are 
determined. 

5. The position of a point in space A is determined 
when its projections a and a^, on two planes which inter- 
sect, are given. (Fig. 5.) 

6. When two points on the co-ordinate planes, a a^or i b\ 
represent the projections of the same point in space A or 
B, the perpendiculars from these points, drawn to the line of 
intersection a y, must meet at the same points upon that 
line, a^ V (Fig. 6), and similarly a Une connecting a b 
and a' V determines the position in space -of the line AB. 

7. A line is determined when its projections upon two 
co-ordinate planes are given ; and, similarly, the projec- 
tion of any curve, ABC, upon two intersecting planes of 
projection vaab c and a' V c\ will determine that curve. 
(Fig. 7.) 

8. The intersections of a plane with the two co-ordinate 
planes are termed the '^ traces" of that plane, t. e, the line 
in which a surface cuts the plane of projection is termed 
the trace of that surface. (Fig. 8.) Therefore a i is 
the vertical, and b V the horizontal trace of the planes 
Aa', AA'. 

I 2 
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9. A plane is determined when its traces are given. (Fig. 
9.) Therefore a b' determines the vertical, and b b' the 
horizontal traces of a plane oblique to both planes of pro- 
jection. 

10. We have already mentioned {vide Fig. 1, PL 17) 
that the angle contained by two planes of projection is 
ever supposed to be a right angle. The upper plane is 
termed the ^'vertical plane,'' and the lower plane the 

horizontal plane.'' Their line of intersection is termed 
line of lev6l," or '' ground line ; " but, in order that one 
single plane may contain both planes of projection, the 
vertical plane is supposed to turn round the intersection 
of the ground line until it coincides with the level of the 
horizontal plane. The term " draught " is given to the 
drawing containing the solution of a problem. The data 
and quaesita are represented by lines of various thick- 
ness, and the constructions by dotted or broken lines of 
different kinds. 

The original points (very seldom seen in the draught) 
are determined by the capitals ABC, &c., their horizontal 
projections by italics, a b c, &c., and their vertical projec- 
tions by the same kind of letters accentuated, as a' V & &c. 
When these points are situated in the ground line x y the 
Greek letters a /3 7, &c., usually determine their position. 
When a point, a line, or a plane, are said to be known, 
it signifies that their projections are known, and, con- 
versely, when they are to be determined, it is sufficient to 
determine their projections. 

Problems. 

1. Given the projections a c' ^ ^' of a line above x y and 
in front of the vertical plane, to determine its traces and 
real position. (Fig. 10.) 
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If we conceive a yertical plane passing through a b, the 
distance b V being equal to the height of b above the ver- 
tical plane^ V will be its vertical trace, and if, similarly, we 
conceive a second plane, perpendicular to the vertical plane, 
passing through a' V y the distance a' a, being equal to 
that of a fix)m the vertical plane, will give its horizontal 
trace in a. 

It is clear, therefore, that a line joining a V would give 
the given line. 

2. When the horizontal trace a i is in front of x y, and 
the vertical trace a' V in the lowest part of the vertical 
plane. (Fig. 11.) 

c d drawn through ^ y in the prolongation of the ver- 
tical plane, and b V drawn perpendicularly to ^ y, meeting 
a' d produced in i', will determine the real position of the 
line. 

3. When the horizontal trace is behind x y, and the 
vertical trace is above it. (Fig. 12.) 

Produce a c indefinitely, and draw c c' perpendicular to 
ay,atb draw the perpendicular to ay cutting a c produced 
in A'. 

4. When the horizontal trace is behind x y, and the 
vertical trace is in the lower part of the vertical plane. 
(Fig. 13.) 

Produce a c indefinitely in i', and produce likewise b d 
in d : draw c d and b V perpendicular to x y. 

5. Given the traces of a line a a' b b',to find its pro- 
jections. 

Join a b and a' V for the projections required. (This is 
the converse of Prob. 1, Fig. 10.) 

6. FifdeProb. 18,Fig. 25. 

7. Through a given point a a! to draw a line parallel to 
a given straight line, whose projections are b c V d . 

Join a a' , and through these points draw ded! d parallel 
iobcV d. (Fig. 14.) 
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The simplicity of this problem renders further explana- 
tion imnecessary. 

8. To find the intersection of two planes whose traces 
areab b' and c b b\ (Fig. 15.) 

Draw b' d' and b d perpendicular io x y. Join b' d and 
d* b, which are the projections of the intersecting line b V 
required. 

Now imagine two oblique planes intersecting each other, 
and the two planes of projection in. a b V and c bb'^a line 
joining b V would evidently determine the meeting of the 
oblique planes : hence the vertical projection of the inter- 
section yAvad'i and the horizontal projection in d. 

9. Given the traces of a plane ab a! b\ixy find their 
projections when they are parallel to the ground line. 
(Pig. 16.) 

Draw any line c d c' perpendicular to a? y/ as the trace 
of an auxiliary plane which is to contain the profile angle. 
From {/ as a centre, with radius d c, describe the arc c e, 
then the angle dec' will show the inclination, and e c' 
the length of the given plane. 

10. To find the projection of the common section of two 
planes a c a c', when one of the planes has its trace per- 
pendicular to the ground line and the other side oblique 
to it. (Fig. 17.) 

The trace a a' being perpendicular to ^ y, and a c being 
oblique to it, the line of intersection will evidently be in 
a a"" a! . 

11. To find the projection of the intersection of two 
planes inclined towards each other when their traces are 
parallel. (Fig. 18.) 

Let the two parallel planes a p a' and b q b' intersect in 
S' . Draw S S' perpendicular to x y, and 8' r' parallel to it. 
Draw likewise S r parallel ioap and b q, then 8 r,8 r' will 
be the traces of the intersection of the two planes. 
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It is clear that the intersection of two planes which are 
parallel at their base and inclined towards each other mast 
be in a line parallel to those bases. 

12. To find the projection of the common section of two 
planes a a' d*^ h V V when their traces meet the ground 
line in the same point. (Fig. 19.) 

Determine the auxiliary plane gog\ perpendicular to 
X y. Prom O as a centre describe the arcs al of, b' V^ 
and join a (f and b V : through their point of intersection e 
draw c d parallel to g o g' y and d* d parallel to a** o, and 
firom O as a centre describe the arc c d' , The lines d h 
and d' h determine the projection of the two planes. 

The projections of the planes being oblique to each 
other^ and to the planes of projection^ their line of inter- 
section must likewise be oblique. 

13. To find the projection of the common intersection 
of two planes^ when their traces are parallel to x y. 
(Fig. 20.) 

The solution of this problem is very similar to that of 
the two former. Careful inspection will show their ana- 
logy to each other. 

The traces of the planes being parallel to x y, the traces 
of their common intersection must likewise be in a line 
parallel to them. 

14. To find the intersection of a given Une with a given 
plane. 

An assumed auxiliary plane, passing through the line^ 
and cutting the given plane through its intersection with 
the given line, will give the solution required. As a first 
case, let us assume the plane passing through the given line 
to be perpendicular to the horizontal plane, and let a a a' 
be the given plane, and b c, V c' the given line. (Fig. 21.) 

Produce i c to m ; draw m m' and d d* perpendicular to 
X y ; join d' rn! (for the projection of the auxiliary plane 
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intersecting b c' in o) ; join o o' perpendicular to j? y for 
the points of intersection. 

Should the auxiliary plane be perpendicular to the ver- 
tical plane, join n n' and e e* perpendicular to ;r y, and 
draw e n intersecting b c in o. 

15. The assumed auxiliary plane passing through the 
given line may have any position whatever. (Fig. 22.) 

As the traces of that plane must pass through those of 
the line, determine the traces of the line by producing 
ihem to m and n. Prom any point fi draw fip ^p' for 
the traces of the plane intersecting a o' in e', and draw e' e 
perpendicular to ;r y. Join d e and cT e' ; their inter- 
section with b c and b' c' will give o o' the points of inter- 
section required. 

16. When the given line is perpendicular to either of 
the planes of projection — say to the horizontal plane. 
(Fig. 23.) 

Let o" be the projections of the line. Draw d d' per- 
pendicular to or y for the vertical traces of the auxiliary 
plane whose trace is in rf o c. Join c c' perpendicular to 
X y, and join c' d' intersecting o'' in o' . 

The solution of this problem may also be obtained by 
drawing o e parallel to a a, or o/ parallel to a y, and/'o' 
parallel to a a', and e' o' parallel to x y. Either case will 
determine o o' . 

17. A plane whose traces a aa' , and a point whose pro- 
jections b b' are given : to find the projections of a straight 
line drawn from the given point perpendicular to the plane, 
and to determine likewise the projections of the point of 
intersection of this line with the plane. (Fig. 24.) 

Draw b c and b' c' perpendicular to a a a'. Produce b c 
to X y inf, and draw// perpendicular to x y. Draw e e' 
perpendicular to x y, and join f e' , c c' drawn perpendi- 
cular to .r y will determine the point of intersection of the 
line with the plane. 
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The analogy of this problem with those preceding it 
renders further explanations tinnecessary. 

18. To determine the real length of a straight line a b, 
a' b' whose projections are oblique to both planes. (Fig. 25.) 

Through o' draw c d parallel to x y, and make c/ equal 
to o i. Join V f for the real length of the line, or con- 
versely draw b h perpendicular to o ^ and equal to c A'. 
Join a h for the true length of the line. 

19. The projections of three planes, abV ^cd d\ef e f 
being given, to find their points of intersection. (Fig. 26.) 

Determine first, by their traces (Prob. 10), the inter- 
section of any two of the planes — say a i in i^ and aV 'ml 
V" with c d in d" and d' in d"' . Determine likewise the 
intersection of the third plane with either of the former — 
saythatofc/in/"and/in/'''withcrfinrf''andrf'inrf"'. 

The points o o' passing through the intersection of the 
traces in aline perpendicular to ^ y, determine the point of 
common intersection of the planes. 

20. Having a plane given by its traces aba', and a 
point whose projections are d d' , to find the traces of a 
second plane passing through the given point and parallel 
to the given plane. (Fig. 27.) 

Draw d e, rf' e' parallel to as y, and draw d k and d' g 
parallel to a i and b a' : join e g and e' k : through e and 
e' draw ImmV parallel to a i a^ ; these two lines will be 
the traces of the second plane required. 

Since the position of the point is given by its traces d d' 
atid the required plane passing through this point must be 
parallel to a b a' ,dk drawn parallel to a i will determine 
its horizontal projection, and k e' equal to d' d" will give 
its altitude. In the same manner d* g drawn parallel to 
b a\ and g e perpendicular to xy and equal to d d^ will 
determine its horizontal trace : m! V drawn through e' will 
therefore be the vertical trace of the second parallel plane^ 
and m / drawn through e will give its horizontal trace. 
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21. The traces of a plane a b a\ and also one of the 
projections of a line c d\xi that plane being given^ to find 
the other projection. (Fig. 28.) 

Draw d d* perpendicular to a: y for the vertical trace of 
the plane passing through c d, and draw c c' perpendicular 
\jox y. The line c' d' will be the vertical projection of the 
line required. 

22. Given a straight line whose projections are a h and 
a! V and a point whose projections are c c', to construct 
the traces of a plane passing through the point and per- 
pendicular to the straight line. (Fig. 29.) 

Draw c d perpendicular to a i^ and c* d' parallel to ^ y ; 
draw d rf' perpendicular to ^ y^ and through d' draw f g 
perpendicular to a' b' for the vertical trace of the required 
plane : g f drawn parallel to c d, and consequently per- 
pendicular to a b, will determine its horizontal trace. 

This problem^ being a combination of problems 17 aud 
20^ requires no further explanation. 

23. To draw a plane through three given points aa* , 
bV, cc\ (Fig. 80.) 

Join abbe and a'b' b'c' ; produce ab to d, and c i to/ 
in xy. Produce also i' a' to g^ and i' c' to k' in xy: join 
a a', b b\ c c' and draw d d' and //' perpendicular to a? y : 
draw gg' and k A:' perpendicular to x y, the lines d' f and 
k g will be the required traces of the plane. Three points 
in any position can always be contained by one plane, 
therefore the three given points will in this instance de- 
termine that plane ; the vertical projections V c' and i' a' 
produced to k' and g' in xy will give the vertical projec- 
tions of the base of the plane containing them : the hori- 
zontal projections a b, b c produced to d and /in x y, will 
give the horizontal projections of their altitude ; //^ and 
d d' drawn perpendicular to xy and cutting c' V and a' b' 
produced in d' f will determine therefore the vertical 
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projection of the plane, and similarly * k' and g g' drawn 
perpendicular to x y, cutting a h and h c prodnced in k 
and g, will determine the horizontal projection of the 
plane containing the three points. 

24. To draw a plane through a given point a a' and 
through a given line b c, V c\ (Fig. 31.) 

Draw a d and a' rf' parallel to c A and c' i' for the pro- 
jections of the given line^ c and e will be the horizontal 
and b' d' the vertical traces of the line : the lines c e and 
y d' will be the traces of the required plane^ and if pro- 
duced VOL xy will meet at the same point g. 

25. To draw a plane through a given line, parallel to a 
given line. (Fig. 32.) 

Let a b^ a' V be the projections of the first Une, and c d 
c' d' the projections of the second line xvaab^ a' b\ take 
any point ff and through / draw g h parallel to c rf. 
Draw h I perpendicular to xy, meeting */in /; draw kg 
perpendicular to xy^ intersecting h f produced in g, lines 
drawn through g a and b I produced till they meet in xy 
will give the traces of the required plane. 

26. Through a point e e' given by its projections, to 
draw a plane parallel to the two given lines ab, c d and 
a' b\ c' d\ (Fig. 33.) 

Through e draw/A parallel to a A, and k I parallel \^cd; 
through e' draw n o parallel to a' b\ and / m parallel to 
c' b', join h m and o * and through k and m irswfp n, 

27. From a given point o a' to draw a line perpen- 
dicular to a given plane b c b\ and to determine its mag- 
nitude. (Fig. 84.) 

Through a a' draw ada' d' perpendicular \,ob cV and 
determine their projections through rf', draw d e parallel 
to xy and equal io ad: join a^ e for the length of the 
line required. {Vide Prob. 18.) 

28. Through a given point a a' to draw a line which 
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shaU meet two given lines be, b'^' and de d' e'. (Fig. 
35.) 

Draw^/, ^'Z' for the projections of a plane passing 
tlirough the given point. Let fag represent the traces 
of the first line, and /j3^ the traces of the second line; 
gf and g' f will be the projections of their intersection. 

In order that the constraction should be correct it is 
necessary that the intersection should pass through the 
given point, and meet both given lines. 

29. Through a given point a a^ to draw a line and a plane 
which will both be perpendicular to a given line b c, V c\ 
(Fig. 36.) 

Draw a d perpendicular to d c and a^ d' parallel to x jf ; 
draw k m! perpendicular to V c' and k m perpendicular to 
b Cy then mkm' will be the traces of the plane required. 

Findj9j9' for the projections of the intersection of the 
line with the plane, and draw ap, a' p' for the projections 
required. 

30. The projections a 4, a' b^ of a line being given, to 
find the angles which it makes with the planes of projec- 
tion. (Fig. 37.) 

Determine the traces a a' , b V of the given line, and on 
X y make m b equal to a b, and join m 4' for the real length 
of b' a — the required angle will evidently be b' mb. 

If it is required to determine the angle on the horizon- 
tal plane draw b k perpendicular to a b and equal to 4 4', 
kab will be the required angle. 

If we wish to find on the horizontal plane the angle 
which the line a 4' makes with the vertical plane, from 
centre a' , with radius a' 4', describe the arc 4' 8 and join 
a s : then as a' will equal that angle. If we wish to de- 
termine it on the vertical plane, from a' as a centre, with 
radius a' a, draw the arc an, a' n being perpendicular to 
n' b' then a b' n will be the required angle. 
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31. To oonstmct the angle contaiiied by two planes 
whose traces are abb* and cbb\ (Fig. 38.) 

Draw V e perpendicular to a? y and join b e : draw any- 
where ffkh perpendicular to be: from centre e, with radius 
e ky describe the arc k kf, and with the same centre^ with 
radius e b, describe the arc b I. Join b' I and draw k' m! 
perpendicular to it. Make km equal to h' m' , and join g 
m hy which will show the dihedral angle contained by the 
two planes and reduced to the horizon. 

In this problem it is evident that the profile angle of the 
two planes will form a right angled triangle^ of which the 
perpendicvdar will be e V and the base will be e 6 : that 
base e b being transferred in el on xy will determine the 
angle elb' on the vertical plane. As g kh determines 
the base of the section the distance e h transferred to 6 i^ 
wiU determine its position on xy, and k' m' drawn per- 
pendicular to b' I will determine the height of the section : 
k' ni being reduced to the horizon in Am, and gmh 
being joined will show the dihedral angle contained by 
the two planes. 

82. Two planes are inclined at angles of 50° and 67° 
respectively^ and intersect in a line inclined at an angle 
of 35° to the horizon. Fiud the dihedral angle contained 
by them. (Fig. 39.) 

Draw e a perpendicular to ^ y^ and from a make the 
angle eab equal to 23°^ eac 40° and ead 55° ; comple- 
ments of the angles abe 67°, ace 50°, and ade 35°, ac- 
cording to the given conditions. From e as a centre, 
with radius e b, describe the arc b V ; with the same 
centre, with radius e c, describe the arc e c' ; draw d V 
and d c' tangent to those arcs for the horizontal traces of 
both planes. 

To obtain the dihedral angle, at right angles to xy 
draw g h intersecting the two horizontal traces d b' and 
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d c'', draw h I perpendicnlar to da, and fix)m Jb as a centre 
with radius hi, describe the arc Im : join mg, m h, and 
the triangle gmh shows the dihedral angle required^ re- 
duced to the horizon. 

The student will see the analogy between the latter part 
of this problem and the preceding one. 

83. The traces pqr of a plane being given^ to find the 
angles which the plane makes with the two planes of pro- 
jection^ and also the angle between the traces. (Fig. 40.) 

1st. Find on the yertical plane the angle the plane 
makes with the horizontal plane. 

Draw b d perpendicvdar to x y and h a perpendicular to 
f q ; &om centre b, with radius b a, describe the arc a v, 
join V c' and the angle c' v 6 is the angle required. 

2nd. To find the same angle upon the horizontal plane. 

Perpendicular to a i draw b c equal to be' , and join ac: 
cab will be the angle required. 

To find on the yertical plane the angle which the plane 
makes with the yertical plane^ draw b e perpendicular to 
a y and b d perpendicular to q r, make b t equal to b e, and 
t db will be the required angle. To find the same upon 
the horizontal plane i on xy make b z equal to bd, ze b 
will be the angle required. 

To find the angle between the traces. 

As the hypothenuse a c, to the right angle triangle cb a, 
determines the length of the plane ac q, if we suppose 
that plane to revolve on a g' till it is reduced to the horizon 
and developed in a d' q, the angle aqa" will give the 
angle of the traces. 

34. To find the angle contained between a plane and a 
straight line. (Fig. 41.) 

Let abb' be the traces of the plane, and c d, c' d* the 
projections of the line. If from any point on the line a 
perpendicular is drawn to the plane, the angle contained 
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by the given line and that perpendicular will be the com- 
plement of the required angle ; therefore, from any point 
a d on the line draw c x! perpendicular to x y, and draw 
ct d e' perpendicular to a i and a! b' , construct the angle 
between the two lines, which will be def ; draw /A? per- 
pendicular to fe, and the required angle will be dfk, 

85. To construct the angle contained by two straight 
lines, intersecting in space, and whose given projections are 
aicanda' *'c'. (Pig. 42.) 

Produce a' V and a! d to d' and e' vax y^ and draw d d 
e e' perpendicular to x y. Produce likewise a b a cto 
d and e, and join d e. Draw a a' perpendicular through 
X y and h g, perpendicular to d e. Make/ * equal to a A", 
and join a' k : make h g equal to k a', and join d g, 
g e. The angle dg e ia the angle required, reduced to the 
horizon. 

36. To reduce a given angle to the horizon, having 
given the angles which its sides make with it. (Fig. 48.) 

Let a represent the horizontal projection of the vertex, 
a b the horizontal projection of one of the sides, the pro- 
jection of the side a e ia required. 

Draw indefinitely the perpendicular a a' , and make the 
angle a b d equal to that of the first side (say 40^.) 

Draw d c, so that the angle a c d may equal that made 
by the second side with the horizon, (say 55°.) From a, 
with radius a c, describe indefinitely the arc c/, and make 
c d g equal to the given vertical angle (say 42**.) Draw 
6 ^ perpendicular to x y. From d, with radius d c, de- 
scribe the arc c g. 

From b as centre, with radius b g, determine that dis- 
tance in e, intersecting the arc c/. Join a e : a e will de- 
termine the horizontal projection of the side required, and 
the angle a e b will be equal to the observed angle reduced 
to the horizon. 
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HORIZONTAL PROJECTIONS. 

Topographic^ horizontal^ or^ as it is sometimes termed^ 
single projection,is a sister branch of Descriptive Geometry, 
which enables us to determine and ascertain by means of 
numbers or indices on one single ground plan, the position, 
shape, and altitude of the objects it contains. That method 
is very convenient for civil and military engineering pur- 
poses, and most especially applicable to mihtary topo- 
graphy, whether for illustrating the accidents and irregpi- 
larities of large tracts of country, or for determining the 
position, shape, and relief of military works, as well as 
the importance they bear to each other : for that method 
enables us, with the help of Descriptive Geometry, to con- 
struct elevations, sections^ &c., of the planes containing 
these works, either for the purpose of defilading them, 
or for other operations. 

Indices are numbers refering to the altitudes of points 
above the horizontal plane. That plane is usually assumed 
to be on a level with points (0 or zero) below the lowest 
parts of the plane. Therefore on a plan, a point whose 
index is 30, signifies that it is 30 units above the Zero 
plane, or lowest plane of level. 

In some instances military men find it more convenient to 
assume a plane parallel to the horizon, and passing at some 
distance above the highest point of ground shown on the 
plan (usually 10 yards). In this case the indices show a 
decrease of height below that plaue instead of an increase 
above the Zero plane. In the following problems we will, 
however, follow the first method. 

As the position of points are determined by their pro- 
jections, the letters, numerals, or indices which accompany 
them denote also their height. Their notation follow the 
rules already given. 
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In a similar manner^ tiie position of a straight line will 
be determined by the projection and indices of its two ex- 
tremities. (Fig. 1.) 

Let^ for instance^ a 3 and b 6 represent the two extre- 
mities of the line a b, it is dear that the point b will be 
8 units higher than the point a, that being the difference 
of height between a and b above the horizontal plane. 
Erects therefore^ at b the perpendicular b c, equal in height 
to the difference of units between the indices 3 and 6^ and 
join a c, which will determine the slope or inclination of the 
line, b c will be the sctde of the line, obtained according to 
the conventional scale of the drawings and a b will be the 
scale of slope or inclination. The divisions on the scale of 
slope or inclination^ and those on the slope, or inclination^ 
are always determined by those on the scale of the line. To 
complete the scale^ through 4 and 5^ draw the horizon- 
tals 4-4' and 5-5' parallel \k> ab, then draw the perpendi- 
culars 4' 4'' and 5' h\ 

Now^ suppose the triangle ab cto revolve on a 6^ as on 
an axis^ until c is perpendicular to the plane of the paper. 
The real position of the line a b will be determined. 

N.B. When scales of slope or inclination refer to lines, 
they are represented by single straight lines* When they 
refer to planes they are shown by double lines. (Fig. 2.) 
As one index determines the position of a point, two 
indices that of a line, we will find that three indices can 
determine the position of a plane. 

A plane is represented by its trace on the horizontal 
plane of comparison, and by itd inclination to that plane. 

As the scale of the plane is that which determines its 
angle of inclination by its altitude between two given 
points, a plane is likewise determined by a vertical trace 
showing its angle of slope or declivity. 

K 
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The comparatiye altitudes of the several parts of a plane 
are often shown by horizontal contonrs. 

Contours are equidistant horizontal planes supposed to 
pass through the object^ parallel to the plane of oomparison^ 
and showing the respectiye height of the different parts of 
the object abore tiie horizon* 

Let a S, b 15 and c 12^ not in the same straight line> 
determine the position and altitude of the sereral points of 
a plane above the plane of comparison. (Fig. 2.) 

Join a b, the two extreme indices^ and divide that dis- 
tance into as many units as are contained in the difference 
between a and b (12) firom c 12^ draw a straight line^ cut- 
ting a i at the point similarly indicated on it; c 12 and 
c' 12 becoming therefore points on the same level. These 
will Necessarily indicate the position of one horizontal or 
contour of the plane containing them : to complete the plane,- 
through 5, 6, 7, 8, 9, 10, 11, 13, 14 and 15, draw lines 
paftJlel to c 12, c^ 12, and the direction of the levels of the 
plane will be defined. To find the scale of inclination of 
that plane draw any where the line d e perpendicular to 
c 12^ c' 12, and make e /perpendicular to d e, and equal 
in altitude to the difference of units (by conventional scale) 
between the indices a and b. Join df, and the angle e df 
will be the profile angle or angle of greatest inclination of 
the plane ab c : ef will become the Bcale of the plane, and 
d € its scale of inclination. If we conceive the triangle 
def to revolve on d e till it stands perpendicularly to the 
plane of the plan, and another plane intersecting them per- 
pendicularly through the diagonal d e, and the horizontals 
of the plan transferred to them, we will obtain a clear 
conception of the position of the inclined plane. 

As a plane can be determined by three points, the indices 
of a triangle will evidently determine likewise its scale 
and inclination. 
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When a plane is horizontal its traces and indices repre- 
sent its position. When vertical it is determined by a single 
index. 

The scales of inclination of the plane being always con- 
structed on the horizontal plane^ it is eyident that the posi- 
tion and length of two or more scales of inclination being 
given^ we can easily obtain the line of intersection of these 
planes by producing their horizontaLs till they meet. Fig. 
3 represents the intersection of the different planes of an 
irregular solid^ all meeting at a common apex ; and the 
different altitudes of which are determined by horizontal 
contours. 

This diagram shows how the different parts of the undu- 
lating surfieu^e of a district can be approximately reduced 
to figures somewhat of a similar kind^ how the indices and 
direction of contours may be used to determine the flex- 
ures, accidents, steepness of slopes and dispositions of 
the surfaces whose general characteristics are required. 

These preliminaries being understood, the construction 
of the following problems will be found simple and easy, 
and their application to some of the questions which have 
hitherto been given, will become evident. 

1. To determine the length and inclination of a given 
straight line 1.9 inches long, whose indices are a 5 and b' 
20. (Fig. 4.) 

Draw b c perpendicular to a 6, and equal to the sum of 
the difference between the indices (10), join a c, the length 
required. 

2. To determine the horizontals and inclination of a 
plane containing three given indices, say 16, 23 and 21. 
(Fig. 5.) 

This problem having already been explained, needs no 
further demonstration* 

k2 
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8. TbefiMaadlartmdioesoftwolioriB^ 
paralld to each' d&sft, and 1 inch aiptat, sre respeo&Yefy 
6 and 12 : show their dope and scale of the plane. (Scale 
10 nmta to 1 inclL) 

The oonstmotion of tiua probkm depends on the aame 
prinoiplea aa the fionner. 

4. Two liorisontalBy a i and a' y^ aire paralld and 1 inch 
.i^mrt. Thej repreaent raape o live hetghta of 67 and 73 
yards above the ground. Find the position of a point 63 
yards high. (Fig. 6.) 

Draw any line at right angle with the horiaontals^ and 
dinde it into aa numy pariB aa there are in the di£EBrenoe be- 
tween the two indices (16). Nunbertheaesiandtliroaghthe 
resulting index (6^ draw a horiiontd paralld \oabtfif. 

N.B. In oases of this kind^ the sector can be oonye- 
niently applied: to fhis eflfect^ take in the compass the 
length ed* • 

(The i>oint 68 being at -^ or f of the indices 57 and 78) 
adapt it to the distance 8-8 on the line of lines^ and oloso 
the compass so as adapt it to 8 — 8^ which lengthy trans- 
ferred firom c towards d, will determine the required 
height. 

5. The length and extreme indices of the scale of in- 
clination of a plane being given (say 7 and 21) to deter- 
mine the height of any point or points. 

Let a ft be the length of the given scale^ c and d the 
points whose altitude are to be determined. (Fig. 7.) 

Divide a b into 14 eqhal parfcs (the nomber of nnits 
between) the two extremities of the scale 7 and 21. From 
c and d draw perpendiculars to a £ for horizontals^ whose 
heights will be determined by the number on the scale 
with which they coincide. 

6. To determine whether a given line does or does not 
lie in a given plane. (Fig. 8.) 
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Two lines in plan may cross each other without neces- 
sarily meeting. 

The lines ajb and e/ meet hecause their indices are the 
same at their point of intersection^ and a line drawn per- 
pendicular to their elevation will show the same result in 
both planes. 

The lines c d and efAo not meet because neither their 
indices in plan or elevation coincide. 

7. To determine the common intersection of two planes 
when the scales of inclination are parallel. (Fig. 9.) 

Given the scales a b and c d. 

Make the height b e equal to the number of units indi- 
cated on the scale. 

Through /on a b draw the perpendicular f h equal to 
b e, join H^ and draw k c perpendicular to c d ; join e a, 
intersecting h k in L 

Through / draw / m perpendicvdar to both sccJes. The 
intersection of the two planes will be determined by the 
indices cut by / wi at 7. 

8. To determine the intersection of two planes when 
their scales are oblique to each other. (Pig. 10.) 

Through points in the scales similarly numbered^ say 
12-23^ draw perpendiculars to the scales : through their 
points of intersection^ c and dj draw the intersecting 
line c d. 

Should the numerals of the scale increase in value as 
they come nearer to each other (as in the figure) the line 
of intersection would show the ridge. Should they on the 
contrary decrease in value as they approach, the line of in- 
tersection would denote a ftirrow. 

Should we require a profile section of the meeting of 
the two planes, the line d e, perpendicular to c rf, and equal 
in altitude to the difiference of the two indices (12 and 23\ 
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woold gif0 tiur bdigU^ ud Am line ^ t wofuld ahow the 
]nGlinati0n of the aeotioii required. 

9. Ooosthnfc a isofeioii ■howing flie mteraeotkm of a 
Totiod idanBiritll an inoliiaed pibiie. (Kgn 11.) 

Gmm a I, flie eotlo of d<qpo of tker pktM^ and c tf the 
horiBontal traoe of the Tertioal Bectkm required. 
* ]f!roai wBf iodaiom on the eade (bi^ 7«zid 14)^ draw pw- 
pendioiilan e e and d^g, eqaal in heiglife to tlie mumbcra or 
faidibfla aiBzed to Ae scale, flia line joinmg t^ will give 
the BdietSon teqnited* 

10. Two horuontala^ ab, e d \A, ndi apart repieaent 
the hotiicaitat prajeotUiBe of a idane inofiiied at aa angle 
of 28^ to the horiKm^ and oontaining a line 1.6 inch long* 
8hewilliplaa« (Fig. IS.) 

a j» and cil are the two gitta horiaeittgb. Hake the 
angle ae a' eqiial to the given angles and piodaoe a c in 
h* From a' aa oent^j wiilkanMliaieqoattaawkiigth 
iA the line to be oontained by the plane (I'S*) determine 
on 6r A the point e. From a as a centre, with radios a Cy 
describe the arc e g, and join a g^ the horizontal projection 
of the lilie contained bj the plane. 

11. Aplane, determined by two horizontals»l inch apart, 
is inclined at an angle of 50^ to the horizon, and containB 
B line inclined at an angle of 80 degrees with the same, 
determine the length of the line and its horizontal pro* 
jection. (Fig. 18.) 

(The last problem should point ont the solution of this.) 

12. Determine the intersection of two planes whose 
traces form with each other angles of 80^, and whose 
slopes are respectively at angles of 40** and 60**. 

Draw two lines, a b and b c^ meeting at the given 
angle. 
Di-aw any where tlio perpendiculars bfbg. 
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Make b d and b e oi any equal height^ or of a given 
altitade. 

Make the angle b dfocpsX to 50^^ complement of its 
inclination of slope^ and also the angle b e g, equal to 30^^ 
the complement of the second angle of slope. 

Through / and g draw h k and k I, parallel to a b, b c, 
the angles b f d and b g e will show the profile angles of 
the planes. Join b k, and draw b m perpendicular to it^ 
and equal to b d, join m k : the angle b k m will show the 
profile angle at the meeting of the slopes. (Fig. 14.) 

13. A hill slopes at an angle of 1 in 5 : show on 6 con- 
tours the position of a path having an inclination of I in 
10 with the horizon. 

Assume the contours at .25 of an inch interval^ each con- 
tour representing an increase of 10 feet in height. Scale 
200 to 1 inch. 

Six horizontals will represent 5 heights of 10 feet, or 
50 feet. Construct a profile elevation on a b, making the 
perpendicular a c equal to 50 feet. 

As each contour shows a rise of 10 feet^ the plan of each 
space between the horizontals wiU contain a line 10 times 
the length of 100 feet long^ or a total of 500 feet long, 
representing the horizontal projection of the path 
b df whose section is determined by the triangle b d e. 
(Fig, 15.) 

14. The two following examples were taken from the 
reports of the Woolwich examinations. 

A hill slopes downwards towards the south west in 
such a manner that a line on its surface running north and 
south has an inclination of 30^, and a line on its surface 
running east and west, has an inclination of 10^. The 
hill falls suddenly into a horizontal plane at its base : show 
the angle which the intersection of the plane of the hill 
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side^ with the horizontal plane, makes with the line running 
east and west ; and show also on the plane of the hill 
side the position of a line inclined to the horizon at 
an angle of 20°^ and the real profile angle of the plane. 
(Fig. 16.) 

The line a b shows the direction east and west of the 
given line^ a c its altitude^ and c b its given inclination 10°. 

The line a d shows the direction north and south, a e the 
altitude, and e d the slope of the second line. The posi- 
tion oi b d shows where the hill fells in the horizontal 
plane. 

The line a k, drawn perpendicular tob d, and contain- 
ing the triangle a h l^ shows the profile angle of the plane 
and the inclination of that plane to the horizontal plane. 

The line ef, forming with the ho];izon an angle of 20°, 
and whose base a /is transferred in a ^, shows the posi- 
tion, and the section a g h shows the inclination of the 
line contained by the plane. 

15. A rectangular building 50 feet long, 25 feet wide, is 
to be covered by a hip roof whose height equals J the 
width of the building, and the pitch or slope of each of its 
four surfaces is to be the same. Draw the plan of the 
roof, showing the ridge and hips. Determine also the in- 
clination of the hips to the horizon, as well as their length. 

The roof in plan forms the parallelogram abed, 50 feet 
long by 25 feet broad. A medial line, passing longitudi- 
nally through the centre determines the position of the 
ridge, whose length is determined by the breadth of the 
base of the slopes. 

That breadth equals half that of the roof, or 12.5 feet 
all round. The pitch of the four surfaces being equal, the 
altitude of the ridge, which corresponds to | of the breadth 
of the roof, will be 6.25; therefore the extremities of the 
lidi^fi 6* /arc C)\ feet above the horizontal plane. 
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To obtam the Slope and height of the hip, construct an 
elevation. Draw e h 6.25 feet perpendicular to b e, b h 
will show the angle of inclination and length of the hip 
rafter. 

The right angle triangle gfkoi the same altitude as 
e hy will show in the same manner the profile angle and 
pitch of the sloping surfaces. (Fig. 17). 

Exercises. 

1. Determine the length of a line whose scale equals 1.2 
inches, but known to be inclined at an angle of 37^ with 
the horizon. 

2. Four horizontals are parallel and respectively .7, 
.2, and A inch distant &om each other; their indices are 
50, 25, 30, and 40 yards above the ground. Construct a 
profile showing the intersection of the planes they indi- 
cate. Scale, 40 to 1 inch. 

3. Draw 7 lines each 6 inches long ; the first two are .5 
inch apart, the next .7, the next .9, and the last two each 
.7 inch apart. Let the indices of these lines be 0, 57, 63, 
54, 28, 47, 93. Determine the intersection and scales of 
the given planes contained by those lines. Scale 40 units 
to 1 inch. 

4. Draw 4 lines, each 6 inches long and .5 inch apart. 
Suppose those lines to represent the contours of a hill- 
side, at vertical intervals of 50 feet. Bepresent on the 
plan of the hill-side the position of a road inclined to the 
horizon at a slope of •^. Scale, 200 to 1 inch. 

5. A hill slopes at an angle of 10^. Show on it contours 
at 10 feet vertical intervals, and draw the plan of a road 
cutting the contours, and having an inclination of 1 in 30. 
Represent the position of the road by a single line. 

6. Draw 6 parallel lines at \, i, i, ^, and \ inch apart. 
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Suppose these to ropro s gn t oomfanni of U hill ndSj at 10 
feet vertiosl intervalsj dzavn oa « soale of 400 to 1 inch. 
Show the oentnl fine of a voad, whidi should hsve m 
r^riilar inoliiiatioa of -^ thzt^ 

7. 6 Imes seren inches long snd .4 indies apavfc lepre- 
sent the oootonn of a hill-Bid^ at Terticsl in lwvs l u of 5 
feet drawn on a scale of j-^ : repfesent on plan^ the por- 
tion of a road 28 feet wide^ and having a dope of 1.25. 

8. Draw 6 parallel lines 46 feet long at the respective 
distances of 6.5^ 9» 1.6> 4»5 and 7 feet qpazi; join their 
extremities so as to fenn a parafldogiam 46 feet long hy 
28.5 feet broad. Let the indices of these Unes be 0^ 6.6, 
8j 8.6, 8.88 Slid 0> so as to represent the beight of eadi 
line above the hoiiion. Constraet two vertical sectians of 
the sotid^ the first at riq^ angles with the longest side, 
and the second forming an. ang^ of 46^ with the same. 

Let both ends of the sdid besoindmed as to forma 
dope a£ Im 4, iJ6i 9k base of 1 foot to a rise of 4 feet, and 
draw horizontal contours to the solid at 1 foot vertical in- 
tervals. Scale, 10 feet to 1 indi. 

9. Find by constmction and figure the horizontal dis- 
tance between the eztremitiee of a straight line 570 yards 
long, supposing the extremities to be 18 and 87 feet re- 
spectivdy above the horisontal plane. Scale 100 yards to 
1 inch. 

10. A plane 4 inches long, inclined at an angle of 45^, 
represents the talus of a terreplein, its two horisontals 
represent a difference of altitude of 14 feet. Determine 
the position and length of a ramp that shall have a slope 

of ^. 

11. Show by its horizontal contours, .5 inch apart, a 
plane inclined at 65^ to the horizon : on this plane draw 
a line 2 inches long, inclined at an angle of 35^ to the 
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horizon^ and another line 1.5 incli long also in the same 
plane^ making an angle of 86° with the first line. 

12. A hill side has an inclination of 33^ to the horizon : 
ascertain by construction the difierence of level between 
two points 100 yards apart measured on its slope. 

13. A hill slopes at an angle giving 1 of hei^t to 9 of 
base^ and two points are marked on it in the direction of its 
greatest slope. Find by construction^ on a scale of 50 feet 
to one inch the horizontal and vertical distances between 
those points. 

14 Two pickets have their upper extremities on the 
same level 12 feet apart^ and stand vertically on the side of 
a hill 7 and 11 feet respectively. Construct the scale of 
inclination of the hill, and give the firaction which it repre- 
sents. 

Miscellaneous Exercises in Orthographic and Hori- 
zontal Projections, Descriptive Geometry, etc. 

1. Determine by horizontal contours the projections of 
a sphere 4 inches in diameter, and of a cone 4 inches high ; 
contours .25 inch apart. 

2. Determine the length and inclination of a given finite . 
straight line, and conversely draw a line of a proposed 
length and inclination through a given point. 

3. The indices of two points 2.7 inches apart are 17 and 
49 : construct the scale and inclination of the line joining 
them. 

4. Determine the horizontals and inclination of a plane 
containing three points, A 16, 2 inches distant from C 41 
and 1.7 inches firom B 37: B and G are .75 inch apart. 
Determine the slope of the plane, the scale of the plane, 
and the scale of slope of the plane. Scale 10 units to 
1 inch. 
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5. Two horizontals parallel to each other represent 
respective heights of 9 and 27 feet above the ground : 
determine the position of an intermediate point 18 feet 
high. 

6. Determine the inclination of a plane whose scale is a 
line 1.6 inches long^ numbered at each of its extremities 
5 and 22. Scale 10 units to 1 inch. 

7. Determine the intersection of two planes whose bases 
form an angle of 85^^ and whose slopes are respectively 
36° and 52°. Scale 10 units to 1 inch. 

8. Draw two planes inclined at angles of 48° and 63° 
respectively^ intersecting in a line inclined at 39^ with the 
horizon, and find the dihedral angle contained by them. 
Scale 10 units to 1 inch. 

9. Through a line inclined at 38* to the horizon^ draw a 
plane making an angle of 48^ with another plane inclined 
at 23° to the horizon. 

10. An equilateral triangle of 3 inches side rests on one 
of its angles^ and has the sides adjoining that angle inclined 
to the l^orizon at angles of 25** and 35° respectively. 

11. Draw a plane inclined at 57° to the horizon : in this 
plane place a straight line inclined at 43° to the horizon, 
and from any point in this line erect a perpendicular to 
the plane 1.7 inches long. 

12. Determine the intersection of two planes inclined at 
36° and 56° to the horizon, when the projections of their 
lowest horizontals are parallel and 1 inch distance from 
each other. 

13. "Construct the projections of a cube of 2.5 inches 
side, having two of the adjacent angles of its base inclined 
at angles of 31° and 42° to the horizon. Show the inter- 
section with the cube of a horizontal plane .75 inch below 
its highest point. 
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14. Draw a line inclined at 38*^ with tlie horizon: 
through it draw a plane inclined at 55°^ and in the latter 
place a line making an angle of 35^ with the first line. 

15. Draw a plane making an angle of 38° with another 
inclined at 46° to the horizon^ and passing through a lino 
(not in the given plane) inclined at 32° to the horizon. 

16. The fiarce of a cube whose edge equals 1.7 inches is 
inclined at 50° to the horizon: one of the diagonals of 
this face is inclined at 25°. Project the cube. 

1 7. Draw a horizontal contour .25 inch vertically below 
the highest point of the cube, and make also an elevation 
of the cube on a vertical plane parallel to either of the 
diagonals. 

18. The piers supporting the groined arches of a build- 
ing are 10 x 6 feet in plan, 20 feet apart in the direction 
of their length, and 16 feet in the direction of their 
breadth. The larger arch is a semicircle, the smaller an 
ellipse whoso semi-minor axis equals 5 feet. Draw the 
plan and a transverse section through the soffit of the 
smaller arches, and represent in plan the soffits of both 
arches by horizontal contours at 1 foot vertical intervals. 
Scale ^. 

19. A cube 3 inches edge has one of its faces forming an 
angle of 25° with the vertical line : another face is inclined 
at an angle of 38° with the horizon. The solid is per- 
forated by three cylindrical holes 1.5 inches in diameter, 
whose axes cross each other in its centre. Show hori- 
zontal contours at .2 of an inch. 

20. The plan of a line 4 inches long is 1.7 inches long : 
at what angle is the line inclined to the paper ? 

21. Six parallel lines, 8 inches long and .4 inch apart, 
represent the contours of a hill-side at vertical intervals of 
5 feet, drawn on a scale of y^Vv Represent in plan on 
the hill-side the position of a road inclined to the horizon 
at a slope of -^-^. 



142 nukonoAL 

. 22. A Idn dopee at aa aagla of 20^; ahow on it oon- 
toon at 10 &et Tortioal intervala, wsdA ahow the poaitioii 
of a road oattmg tbo oontoura at an inoKnation of 1 in 4 
Scale 100 fe0t to 1 iadh. 

28. ▲ ojlinder 6 fert in djametar is met by anofiher 
cylinder 8 feet in diameter^ at an angle of 4XP, the loweat 
pointa of their onrrea an on llie aame le?el : ahow in plan 
the interaeoiiion of their BufiMsea. Scale 2 feet to 1 inch. 

24. Find by oonatraotaonj and figure Teiy exmeXLj, the 
horizontal diatanee between the eartrenritiee of a atraight 
line 480 yarda long, anppoaing Iheae estrendtiea to be re- 
qpectivdy at 24 and 79 feet above the hmiiontal plane. 
Scale 100 to 1 inch. 

25. The Terttoal projeotaon of a Ene ia ro p r a ao n t ed by 
a line 2.7 inohea long, inclined to the horiaon at an angle 
of 88^; ita horiaontal prqjeetion ia rapreaiaoted by a line 
2.1 inohea long : fine the real length of the line which will 
aatisfy theae conditiona. 

26. A sphere 4 inches in diameter is intersected by a 
cylinder 2.5 inches in diameter^ whose axis passes at 1 
inch finom the centre of the sphere. 

27. A right cone 4 inches diameter at its base and 5 
inches high is intersected by another right cone 2.3 inches 
diameter and 4.5 inches high, the parallel distance be- 
tween the two axes is 1 inch. 

28. A right cone of the same dimensions is intersected 
by a cylinder 1.5 inches diameter, ^hose axis at 1 inch 
above the horizontal plane crosses that of the cone per- 
pendicularly. 

29. The axes of two cylinders whose diameters are re- 
spectively 2 and 3 inches, intersect at right angles : show 
their projection. 

30. Show the development of a parallelepiped 2 inch 
edge, whose ends are squares of .5 inch side. 
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31. Show the development of a hexagonal pyramid 1 
inch side and 4 inches high, obliqaely truncated at ^ of 
its height, and at an angle of 45^ with the horizon. 

32. Show the vertical projection of a triangular flag, 
whose pole, 10 feet high, is incUned at an angle of 50^ to 
the horizon, and forms an angle of 70^ with the. vertical 
plane ; the lower edge and that attached to the pole are 
respectively 4 feet long, and the upper edge is 5 feet. 
Scale .5 inch to 1 foot. 

33. A hin has ^an inclination of 37^ to the horizon : jBnd 
by construction the difiference of level between two points 
120 yards apart, measured on their slope. 

34. A hill slopes at an angle giving 1 of height to 7 of 
base, and two points 130 yards apart are measured in the 
direction of its greatest slope : find by construction, on a 
scale of 50 feet to 1 inch, the horizontal and vertical dis- 
tances between the points. 

35. Determine the horizontal projection and contours 
of a cone 4 inches high and 3 inches diameter, whose axis 
forms an angle of 75^ with the horizon : contours at .25 
inch. 

ISOMETRIC DRAWING 

Is a species of Orthographic projection (whose name 
derived from two Greek words, Iso-metron, signifying 
equal measurements) owes its origin to Professor Farish, 
of Cambridge, who introduced this method in order to 
represent on one plane, and according to certain rules 
and scales, with their three dimensions of length, breadth 
and thickness, objects which hitherto could only be de- 
scribed by means of plans, front and profile elevations, 
sections, and sectional elevations, and likewise to convey 
at the same time a Idnd of bird's-eye view of the general 
appearance of the object uninfluenced by the rules of per- 
spective. 
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In order to obtain this result^ let us imagine a cube^ 
seen obliquely, so as to show three of its facea— one of 
its diagonals being perpendicular to the plane of projec- 
tion. (Fig. 4 A.) In this position the square faces of the 
cube will naturally alter their shape, the three visible faces 
of the cube presenting together the shape of a regular 
hexagon having all its sides or edges equal, and equally 
inclined to that plane ; each square face of the cube be- 
coming, in fact, converted into a rhombus, all the angles 
of which change from 90** either to 60"^ or 120^ 

The object in this method has the appearance of being 
cut out from the cube, each of the visible faces of which 
contain either the length, breadth, or height required. 

Its practical application is useful in many cases, such 
as when the construction of certain pieces of architecture 
or machinery, builders or carpenters' work, and, in gene- 
ral, those objects whose principal parts lie at right angles 
to each other, have to be represented for purposes of elu- 
cidation. There is, however, a limit to its use, for should 
it be attempted to adapt it universally to intricate objects, 
the result would often produce ridiculous caricatures. 

Construct a square isometrically. (Fig. 1, PI. XLVIII.) 

Let abed represent the face of a square which is to be 
projected isometrically. 

Draw the two diagonals a c, b d Vki right angles to each 
other. 

From a, with radius a o, describe the arc o e. 

From 0, with radius o a, cut the arc o e'lss. g. 

Bisect the angle oag\x^h^ and in the direction of k 
draw the line a L 

Draw c m parallel to a I, and join am, Ic, 

The rhombus aim c will be the isometric projection of 
the square abed, whose angles will be converted from 
right angles into mat and m c I, angles of 60°, and ale 
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and cm a into angles of 120^; the square^ in iissaming 
tliis position, appearing to revolve on the diagonal a & as 
upon an axis : although the length of that axis does not 
change, it is evident that the real sides of the square vary 
with the angle of inclination of the plane of which they 
are the boundaries. The sides al,lc,cm,ma become 
the isometrical projections of the sides ab, be, cd and da. 
The angle oab becomes converted from 45^ to 30> : let 
the length of a & represent 2 inches, then a I will be the 
isometric representation of 2 inches, or about -j^, or more 
correctly .8164 of the originaL The isometric axis Im 
assumes likewise the proportion of .5773 of its real lengthy 
as we will show. 

But in practice, these lines beariii^ the same constant 
proportion to each other, and their different modes of 
construction being simple, it generally becomes unneces- 
sary to obtain those dimensions by calculation ; indeed, it 
is but seldom that any isometric scale is at all required^ 
the adoption of the isometric lines divided according to 
any ratio being usually sufficient for all purposes. 

Application. 

Construct the isometrical scale of a line 4 inches long. 
(Fig. 2.) 

Draw the line ab 4 inches long, and divide it acoord- 
ing to the required denomination : make the angle bac 
= 15^*, and the angle abc ^ 45^, the length a c divided 
proportionally toab forms the isometric scale. 

On the diagonal a be, construct the isometric projec- 
tion of the side a d, its scale, and the comparative 
scale of the small diagonal b e (part A). On part B show 
the isometric method of determining the graduations of 
an arc. (Fig. 5, PI. XTjTX.) 

L 
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Let a cfe represent half a square^ and ac its diagonal 
bisected by the perpendicular h d ; make the angle bae = 
to 30° ; divide a d into any number of equal parts (say 10) 
perpendiculars to a &, drawn from every point determined 
on ad and meeting a e, will show the isometric scale. 

Divide a b into as many parts equal to those determined 
on a d BAit will contain (about 7.2). From each of these 
parts^ draw lines parallel to a e, meeting b e, and dividing 
it proportionally : b e will be ihe isometric axis scale re- 
quired. 

NoWj if we oonsider half the minor axis & e as 1, we will 
find that the corresponding number of equal parts into 
which it may be divided (in this case about 7.2) equals 
1.41421 of that length, and that the real or major semi- 
axis ab equals 1.78205 ofbc, these three distances being 

in the ratios of Vl, V2, V8. Again, we have already 
mentioned that the real sides ab, be (Fig. 4 A) become 
converted into the sides of a rhombus, a V c, whose dia- 
gonal remains uninfluenced and retains its original dimen- 
sions. Now, the square ofaJ-hAc = ac (47.1), if we 
transfer that distance a c (Fig. 4 A) to a' 6' (Fig. 4 B), 
and make i" d equal to a i and at right angles to a' i", 
the square of a' b" + that of J" d will equal the diagonal 
of the cube a' d; if we take a' d dj&\ unit, then a'b" will 
equal .8164 of that line, and b" d .5773 of the same. 

Let the fourth part of the square bed contain the quad- 
rant/' g, whose circumference is divided into any number 
of equal parts (say ^) : draw c e the isometric projection 
of c J : from the point A, in the bisection of c d, draw the 
perpendicular h t, determining the tangential point of the 
curve : the point g will be common to both curves. From 
g determine the point k at the extremity of a line parallel 
to c e, draw by hand the curve gih : from every graduated 
point on the quadrant, draw perpendiculars to b c, meeting 
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the elliptical curve gih. Prom centre b draw lines radia- 
ting to each of these points. 

The curve gik will be graduated in the same ratio as 
the quadrant g hf. 

The following method of obtaining the scale is often 
adopted : draw aby a e at right angles to each other, and 
of equal length ; join b c, and transfer that distance from 
atod; join b d and divide it according to required con- 
ditions^ the lengths be or ad will be the isometric projec- 
tions of b d. (Pig. 3.) 

The scales in Pig. 5 show the method of projecting 
isometrically irregular figures, and a careful inspection of 
Pig. 6. ought to make them evident without any further 
explanation. 

To draw an isometric cube of 1.75 inches edge, (Pig. 7.) 

On the isometric scale ac (Pig. 2.) take } inch, and 
from centre g, with that distance as a radius, describe the 
circle ace. Prom a, with the same radius, determine and 
draw the six chords ab, be, cd, de, ef,fgi join also ag, 
eg, eg, which will complete the projection of the cube re- 
quired. 

It is clear that should we require only the isometric 
projection of the upper face of the cube, the only opera- 
tion required would be, on the line gd aa o, base, with a 
radius of 1.75 isometric inches, to construct the two equi- 
lateral triangles gde and gde, which combined would 
form the rhombus edeg. 

The isometric projection of a square being a rhombus, 
that of a circle inscribed in it will become an ellipse in- 
scribed in the rhombus. 

Let abek represent the isometric projection of the 
square abed, containing the circle efg h. (Pig. 8.) 

The diameter m n of the circle, when seen in the direc- 

l2 
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tion of the longest diagonal of the square^ will remain 
common both to the square and to the rhombus. 

The diameters of the circle eg, fh being parallel to 
the sides of the square ab, be, draw opqr parallel to 
ah, ke. 

The points oq, pr will be to the sides of the rhombus 
as the points efg h are to those of the square. 

If from m we draw the ohord ms parallel to a ^^ and 
firom the same point m we draw m / parallel to a /, m / is 
to the rhombus as m « is to the square : the point / there- 
fore becomes the projection of b, and the opposite point u 
is obtained in a similar manner by drawing n u parallel 
to c^. 

With the hand^ draw the elliptical curve through the 
points motqnpar. 

If firom A as a centre^ with radius k I, we describe the 
circle have, the side or chord a I carried six times round 
the circumference hwvx will complete the cube. 

The long diagonals av,ve will bear to the short diago- 
nals wk,hx the same proportion as a c bears to / ^^ and 
the ellipse inscribed in each rhombus will be obtained by 
following exactly the same method as that just described. 
Fig. 9 includes and gives the solution of most of the 
difficulties met in isometric projectioDS. It represents 
a hollow cube 1.5 inches edge whose sides are .2 of an 
inch in thickness ; its upper or horizontal plane is sur- 
mounted by a hollow cylinder .5 inch high^ .2 inch thick, 
and 3 inches in diameter. Its right hand plane contains 
a truncated cone .9 inch high, whose diameter at the base 
equals 1 inch and upper diameter equals .7 inch : the left 
hand plane is perforated by a circular hole 1.8 inch in 
diameter. 

The cube is constructed according to isometric scale as 
explained in the last example, and the measurements ob- 
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tained from the isometric scale. The cirdes on the upper 
and left hand planes are obtained in the same manner ; 
the only natural or tme dimensions being taken for the 
diameters of the circles on the longest diagonals : all the 
other dimensions are obtained from the isometric scale. 

To construct the cylinder on the upper plane. 

From the points a b cdefg A, determining the projec- 
tions of its base, erect perpendiculars .5 isometrical inch 
high, and through their extremity, 1, 2, 8, 4, 5, 6, 7, 8, 
describe an ellipse. On the line 1 — 5 take true distances 
of .2 inch for the thickness of the cylinder and determine 
them at^the points 9, 10. Draw the diagonals 2-6 and 
4-8, on which find the isometric distance of .2 inch ; the 
chords 9-11 and 10-12 will determine the thickness of the 
cylinder at these points : the circle is to be drawn as be- 
fore. 

From the points 9, 10, 11, 13 and 14 drop perpendi- 
diculars. .7 isometric inch long, and through these draw 
an arc parallel to the upper inner one, which will deter- 
mine the inner height of the cylinder. 

For the circle on the left hand face, the thickness of the 
board or edge of the cube is attained in a similar way by 
drawing lines from klmno parallel to the short axis, and 
projecting on the isometric distances of .2 of an inch. 

As the base of the truncated cone on the right hand 
plane is 1 inch in diameter, a rhombus of that dimension, 
drawn by measuring from centre A to B and C half that 
size, and drawing lines parallel to the sides of the original 
plane ; will contain the ellipse forming the isometric base 
of the cone, whose height is found by measuring .9 iso- 
metric inch frem A to F, which latter point in its turn 
becomes the centre of a smaller rhombus, whose dimen- 
sions are obtained in the same manner, and contains the 
ellipse forming the extremity of the frustum of the cone. 
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and whose thickness is obtained as in the case of a cylin- 
der : lines drawn tangent to these curves form the sides 
and complete the figure. 

A square piece of ground is surrounded by four walls 
2.5 feet thick and 16 feet high; each wall is perforated 
by a semicircular arch 12 feet in diameter^ springing at 8 
feet firom the ground ; one half of the two side arches has 
been taken down^ leaving only their piers standing; 
the rear arch and piers are completely demohshed : con- 
struct their isometrical projections by a scale of 10 feet 
to 1 inch. (Fig. 10.) 

It is supposed that the proper comprehension of the 
foregoing examples will ensure the correct solution of the 
following questions; mostly founded on similar ones given 
in examination papers. 

1. In what position are objects supposed to be viewed 
in isometric projection ? For what purposes is it especially 
adapted^ and what is the proportion between a real line and 
its isometric projections ? 

What is the meaning of the term isometric, and who in- 
troduced it in England ? 

2. Construct the isometric projection of a line 6 inches 
long. 

3. Give that of a square containing a circle 4 inches in 
diameter. 

4. Give the isometric projection of a cube of 2 inches 
edge, and show the scale. 

5. Give that of a rectangular tray, 4 inches long, 
3 inches wide, 1.2 inches high, with sides of .3 of an inch 
in thickness. 

6. That of a cylindrical box made of i inch deal, whoso 
exterior diameter equals 10 inches, and height 2 inches. 
Scale, i full size. 

7. "ITiat of an arched postern, 9 feet wide, 1 2 feet to 
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the crown of the arch^ which is semi^circular^ and cut 
through a wall 5 feet thick and 16 feet high^ showing a 
length of wall of 5 feet on each side of the postern. Scale 
-^Q, or 3 feet to 1 inch. 

8. Of a box 3 feet long^ 2 feet wide^ and 1.6 deep, made 
of ^ inch board, with a circular hole 6 inches in diameter 
on each side and end. Scale ^. 

9. A table 3 feet wide, 4^ feet long, 3 feet high, the top 
is 2 inches thick. The legs 2 inches square, are fixed at 

2 inches from the outside of the table. A circular hole 1^ 
foot in diameter, is in the centre of the top of the table. 

10. A truncated cone, base 3 inches in diameter, height 
4 inches, diameter of upper end 2 inches. 

11. A piece of timber 4 feet long, 2 feet wide, and 

3 inches thick, a hole in the shape of afrustrum of a cone 
is bored through its thickness, in the centre of its length 
and breadth. The upper diameter of the hole is 1 foot, 
the lower diameter 6 inches. Scale \. 

12. A hexagonal right prism 9 feet long, each edge of 
the base measuring 2 feet, and having one of its faces rest- 
ing on the ground. Scale -j^. 

13. A box 6 feet long, 4 feet wide, and 3 feet high, lid 
inches thick, opened at an angle of 40^. The sides of 
the box 2 inches thick. Scale r^. 

14. A one roomed cottage, of which half the roof has 
been removed. Exterior dimensions, length 16 feet, 
breadth 14 feet, height of walls 12 feet, of roof 5 feet, 
wall 1 foot thick. In the short side, a door 3 feet wide and 
8 feet high, is ascended with 2 steps, each 1 foot broad and 
4 feet long ; in the long side are two semicircular windows, 
each 5 feet 6 high to the springing of the arch, and 3 ft. 6 
inches wide, whose sills are at 2 feet 6 inches from the 
ground. Scale 4 ft. to 1 inch. 
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15. Of an octagonal prism of 1 inch side^ 5 inches high^ 
standing on one of its ends* 

16. Of a hexagonal right prism of 1 inch side and 5 
inches high^ standing on one of its ends^ and surmounted 
by a hexagonal pyramid 3 inches high^ and whose edge 
coincides with the edges of the prism. 

17. Of a flight of 3 steps, each 10 feet long, 1.6 wide, 
and 9 inches rise. Scale -3^. 

18. Of a small case of instruments with a lid open at an 
angle of 48^- 

19. Of a double cross standing on a pedestal, choosing 
your own dimensions 

20. Of a block of wood 4 inches long, 2.5 inches broad, 
and 2 inches high, having one of its upper comers cut ofi* 
in such a manner that the section made shows an equila- 
teral triangle of 1 inch side. 

PERSPECTIVE. 

The term "Perspective" is derived from the Latin 
" Perspicere,'' to see through : its object is to represent 
on a plane the exact form or representation of objects 
as they would appear were they seen through some 
assumed transparent medium placed between them and the 
spectator. 

In the Diagram 1, PI. LI, I have endeavoured to give 
some idea of the meaning of the terms used by artists, &c. 
to indicate the position and names of the several points, 
lines, planes, &c. used in perspective. 

Let A represent the ground, or horizontal plane. 

Tlie ground, or horizontal plane, is the horizontal sur- 
face upon which the object and spectator are supposed to 
fttand. 
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Let B represent the picture plane. 

The picture plane^ or perspective plane^ is any supposed 
transparent medium interposing between the spectator and 
the object^ the lower part of which^ G L^ meeting the 
ground plane, to which it is perpendicular, is termed the 
ground line. N.B. — ^These two planes are assumed to be 
of indefinite exten|i. 

Let C represent the original object. An object is given 
at first in plan, which determines its position, length and 
breadth, according to actual dimensions, but not its height. 

Let E represent the eye of the spectator, placed verti- 
cally at a given height above its position, on the ground 
plane S, termed the station. 

The line E-PS, always perpendicular to the picture 
plane, is termed the line of sight, axis of vision, or line of 
direction j it proceeds firom the eye of the spectator to the 
picture plane, at which extremity it is termed point of 
sight : the point of sight, P S, or perspective centre, is 
therefore the further extremity of the line of sight. 

H H, the horizon, or horizontal line, is a line drawn on 
the picture plane, parallel to the ground line, and of inde- 
finite extent, perpendicular to the line of sight. 

Diagram 2 gives the actual plan of the object to be put 
in perspective. V S V, the angle of vision, or visual angle, 
is that space which the spectator can embrace with his eye 
without turning his head to the right or left. It forms a 
sector of 60^, so that the line of sight, L S, becomes in 
plan a perpendicular, bisecting an equilateral triangle, 
whose base lies on the horizon, and whose apex coincides 
with the eye of the spectator, S, 

P D, points of distance, are points placed right and left 
of the point of sight, equal to its distance from the eye. 

L C, line of contact, is a line drawn in the prolongation 
of one of the sides of the object to the picture plane. Its 
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use is to determine in the elertttionthe 
and of its sevaral partB. N.B.— When pttrallal lines or 
planes of different altitudes are reoeding ftom each other^ 
it is often oonyenient to project several lines of contact. 

Y By Yisnal njM, form a pyramid, or cone of rays pro- 
ceeding from every visible point or angle of the plan, and 
conyerging towards the eye of the speotator till it crosses 
the picture plane, on which it finms. P, the picture, or 
representation of the object as seen in Diagram 8, which 
represents the elevation of the picture plane, whose base, 
or ground line, O L, is supposed to be removed from its 
original position, H H, Diagram 2, and reduced to the 
horizon. The vertical prqjectom of the two diagrams 
coinciding with each other* 

Vanishing linesi, Y L, are Hnes procee di ng from the eye 
of the spectator to the horiionj parallel to the sidea of the 
object. Hieir eodremitiesi or points, where they meet the 
horizontal, are termed vanishing points. Y P. 

N.B. — ^All lines, or planes which are parallel to each 
other in the plan, tend or conyerge towards the same 
vanishing point in the elevation. 

We have already observed that the axis of vision is 
always represented by a line perpendicular to the picture 
plane, and proceeding from the eye of the spectator. It 
follows, therefore, that not only its length is equal to the 
distance of the eye to the picture plane, but that likewise 
its height above the station determines that of the horizon 
above the ground line, to which it is parallel in the picture 
plane. 

It is perhaps unnecessary to observe that the height of 
the horizon varies in eveiy case with that of the eye of the 
spectator. Whatever may be the position of the latter, 
whether he is lying on the ground, or standing up ; whether 
he is placed on the top of a ladder, a tower, or a mountain. 
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the apparent height of the horizon always equals that of 
the eye above the ground line. 

When the sides of an object form any angle with the 
picture plane we use the method of " Oblique Perspective.'* 
When the sides of an object are perpendicular or pa- 
rallel to the picture plane, we employ that of " Parallel 
Perspective.** 

The method of putting an object in parallel perspective 
is simple. We have already said that vanishing lines are 
lines drawn from the eye of the spectator to the horizon 
parallel to the sides of the object. It is evident that this 
applies only to oblique perspective, for were we to attempt 
by this method to put in perspective a line parallel to the 
picture plane, we would find it impossible. We must, 
therefore, adopt some other means. The most convenient 
is to suppose the object to be enclosed in a square, each 
of whose diagonals forming an angle of 45^ with the 
picture plane, and whose sides being perpendicular to the 
same, will converge towards the point of sight, which in 
this method becomes the sole vanishing point. 

The following diagrams will, I trust, prove sufficiently 
explicit. 

Required the perspective of a square in three positions, 
A, B and C. 

In the first position A, the point of sight, P S, is oppo- 
site the square, and contiguous to the ground line, G L. 

In the second position B, the square is] still contiguous 
to GL, but to the left of P S. 

In the third position C, the square is at a given distance 
from GL, and to the right of P. S. (Fig. 3.) 
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Method of Constbitctiok. 

1. Draw indefinitely G h, the grotind line. 

2* Parallel to G L^ and at the assumed^ or given height 
of the eye^ draw indefinitely H H for the horizon. 

8. In any convenient position on H H determine the 
point of sight, P S. 

4. On the right and left of P S determine the points of 
distance, P D, equal to the assumed or given distance from 
the eye of the spectator to the picture plane. 

5. Construct the squares A and B according to given 
dimensions, and contiguous to G L. Also the square C, at 
the given distance from G h, and according to given con- 
ditions produce its sides a a', bV to meet G L in a*^ V, 

6. Draw the diagonals a ft of the squares A and B, 
meeting the ground line G L, and draw the diagonal b a' 
of the square C, meeting GL in c'. 

7. From a b, ab, a'' b" draw the vanishing lines con- 
verging to P S, which is the common vanishing point to 
all the lines perpendicular to the picture plane. 

8. From the points, b b and c' draw the oblique lines to 
P D. The intersection of those lines md d d and / by 
a parallel to G L, will determine the perspective of the 
squares. 

This is the foundation of all " Parallel Perspective/^ 
In practice it is not even necessary to construct the 
squares, for knowing that the lines a b are diagonal to the 
squares, they do not affect the position of ft rf in G L B 
with respect to their prolongation to P D. Similarly in 
C the distance a" c is equal to a" a , determined in the 
picture by the distance between the parallel a" b" and/ 
and g. 

The preceding being well understood, the leai'ner will 
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find little difficulty in constructing the following figures^ 
all of which are based on the same principles. 

Construct the perspective of three squares. A, B, and C. 

A contains a square whose sides are oblique to its own. 

B contains a regular octagon, and 

G contains a circle. 

Like in the preceding case, determine again at will the 
point of sight, P S, and the two points of distance, P D. 

The perspective of A requires no explanation. 

For that of B, draw the perpendiculars c d e parallel to 
m by and project them to P S. They will be cut in 1 2 3 
by the diagonal c-P D, which will determine the position 
of the horizontals/^ h projected, forming a series of 
squares, through which will be determined the corre- 
sponding sides of the octagon. 

In the perspective of the circle a few words may be 
necessary. 

Draw the two diameters of the circle and the two dia- 
gonals of the square enclosing it, efff h. The intersection 
of these with the circumference abed wUl determine the 
points k Imn. Inspection of the diagram will show that 
the perspective is obtained in the way already explained. 

Figs. 6 and 7 show the mode of placing tesselated pave- 
ments of various kinds in perspective. 

Required the perspective of a stick 6 feet high, 7 feet 
distance to the left of the point of sight, and 3 feet firom 
the picture plane. Height of the eye 4 feet. Distance fix)m 
station to point of sight 8 feet. 

Also the perspective position of a bird flying at 7 feet 
above the ground, 4 feet firom the picture plane, and 7.75 
feet to the right of the point of sight. (Fig. 5.) 

Draw the ground line G E, and the horizon parallel 
and 4 feet above it. 

Determine PS, from which drawihe perpendicular PS-0. 
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From determine to the left, at 7 feet from it, A^ for 
the foot of the stick : draw A B, on which determine its 
height (6 feet). At 3 feet to the right of A determine the 
point C, to determine the distance of the stick from the 
picture plane. To the right and left of P S determine P D 
at 8 feet (distance of the station to the picture planes). 
The lines converging from A and B to P S will be the 
vanishing lines of the extremities of the stick, whose posi- 
tion will be determined in d and e by the intersection of 
the line drawn towards P D. 

The second part of the question is precisely analogous 
to what was just explained. 

PI. LV. shows the method of putting solids in per- 
spective. 

Eequired the perspective of a cube .75 inch edge, one of 
whose faces is parallel to the picture plane and ^ an inch 
distant from it. (Pig. 8.) 

The plan and perspective of the base are determined in 
the usual manner. The height is obtained by producing 
A B through G L and determining it on C D. Inspection of 
PI. 54 will not only show how to complete the diagram, 
but also its analogy with Figs. 9, 10, 11, which represent a 
cube, a pyramid, a cyUnder surmounting a square base, 
and a double cross. 

The representation of objects in parallel perspective may 
often be simplified by omitting the plan altogether. 

For instance, required the perspective of a cube contain- 
ing oil each of its faces a circle tangent to its side. 

Draw GL and HU at the required height, and on it 
determine P S and P D; on G L take a b the breadth of 
the cube upon which construct the square abed contain- 
ing the circle. 

From b draw the diagonal ^-P D^ cutting a-P S in G. 

On G L determine the points b h i k g distant to each 
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other in the same ratio as those determined on a bin I mn. 
From eaoh of these points, draw Hnes converging to P D 
and intersecting A-P S in 1 2 3 4. Perpendiculars drawn 
from each of these points, and the inspection of the dia- 
gram will direct how to complete the figure. (Pig. 12.) 

A portion of masonry containing in its frontage a semi- 
circular arch and in its two sides the half of semicircular 
arches, is constructed after the same method, and should 
not need any further explanation. (Fig. 13.) 

Practice. 

A cube 2 inches edge and .5 inch from the picture plane 
has one of its faces parallel to it : put it in perspective. 

The eye is directed to a point at 4 inches to the right of 
the nearer side, and 3 inches above the ground. The 
spectator is 6 inches distance from the picture plane. 

Draw a cylinder 4 inches high and 2 inches in diameter 
under the same conditions. 

Oblique Perspective. 

When the faces of an object form any angle with the 
picture plane, we use the method of oblique perspective. 

As several methods exist of placing an object in per- 
spective, I have chosen that which speaks most to the eye, 
and which I have fpund to be most easily understood. 

The adoption of the few following rules will be found 
sufficient to represent any object : — 

1. Draw the picture plane. 

2. Draw the Une of sight in any convenient position, 
and at right angles to it. 

3. Determine the distance from the picture plane to the 
object, and the position of the latter relatively to the line 
of sight. 
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4. Determine the distance from the picture plane to the 
station. 

5. Determine the position of the nearest side of the 
object forming the smallest angle with the pictore plane^ 
and on that line construct the plan according to scale. 

6. From the station^ draw lines parallel to the nearest 
sides of the object and directed towards the picture plane : 
these lines are termed the '' vanishing lines.'' 

7. For a line of contact^ produce the line forming the 
least angle with the picture plane till it meets it. 

8. From every visible point of the object in plan draw 
the visual rays converging towards the station till they are 
met by the picture plane. 

9. From every one of these points thus determined on 
the picture plane^ draw below it and to any distance lines 
at right angles to it^ for the projectors ; these lines will 
determine the breadth of the various parts of the object as 
seen on the elevation : For the elevation^ 

10. At any convenient distance below the picture plane 
draw a horizontal for the ground line. N.B. — This ground 
line forms the base of the picture plane transferred from 
the plan and then supposed to be reduced to the horizon, 
so as to show its general appearance. 

11. Above the ground line and parallel to it at the 
given height of the eye, draw the horizon, on which, 

1 2. By means of their projectors on .the plan, determine 
the position of the vanishing points. 

13. On the projectors of the lines of contact, determine 
by scale the height of the various parts of the object. 

14. Lines drawn from these points of height to the 
vanishing points of the respective planes or lines to which 
they refer, and meeting the projectors of the visual rays, 
will complete the picture. 

No matter under what shape the question may be enun- 
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ciated^ it may always be easily solved provided these 
simple rales are adhered to j the pupil is therefore recom- 
mended to nnderstand them thoroughly. As the following 
examples are progressive^ as well as the exercises^ which 
are intended as applications to these rules^ the solution of 
each question in its proper order will be found perfectly 
easy^ and require at most a few verbal hints. 

In order to facilitate the execution of these examples^ 
numbers, showing the numerical order in which each line 
is to be drawn, and referring to the directions given above, 
have been attached to some of the diagrams. 

For the conditions of distance of the picture plane to 
the station or object, for the angles which the latter make 
with the picture plane, the length or height of its several 
parts, &c., the learner must be guided by the enunciation, 
and not by the diagrams, which are mostly intended only 
to elucidate the subjects, and only represent the general 
appearance of the objects, without being drawn to any 
particular scale. 

Find the perspective of a line 2 inches long, forming an 
angle of 30° with the picture plane. The eye of the 
spectator is supposed to be directed to a point at 8 
inches distance from it, and 4 inches above the ground, 
but at 6 inches firom the picture plane. (Fig. 14.) Scale 
off 

To avoid repetition, and when not otherwise stated, we 
will suppose the above conditions with respect to the 
length of line or side to be 2 inches, the angle of the side 
of the object with the picture plane 30°, the distance of 
the eye to the picture plane 6 inches, and the height of 
the eye or horizon 4 inches. 

2. Show the perspective of two lines at right angles to 
each other. (Fig. 15.) 

3. Show the perspective of a third line forming a tri- 

M 
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FlBAonci. 

10. Three keagans of 2 £^ aide^ placed in the form 
of a triangle^ the side of which makes an angle of 20^ with 
the piohire plane, and 20 feet from it. The eye is sap- 
posed to be at 8 feet from the nearest p<Mnt, and 6 feet 
aboye t)ie gioond. 

11. A cnbe of two inches edge, forming with the picture 
plane an angle of 36°, and a right pyramid 2 inches high 
whose base forms an equilateral triangle of 8 inches side, 
one of which forms an angle of 35° with the picture plane, 
are 2 inches distance from each other. The eye of the 
spectator is directed to a point between the two solids. 
The other conditions are optionaL (Fig. 22.) 

12. Bequired the perspective of a seven-leaved screen, 
6 feet high and 3 feet wide^ placed in such a position that 
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no two leaves are in the same direction ; other conditions 
optional. (Fig. 23.) 

13. A flight of three steps^ each 5 feet long, 1 foot wide, 
and 1 foot rise. Their fix)nt forms an angle of 30® with 
the picture plane, from, which the observer's eye is 5 feet 
distant. Distance to object 6 feet ; height of the eye 4 
feet. Scale ^^. (Fig. 24.) 

14. A hexagonal right prism 8 feet long, each edge of 
the base 2 inches wide, rests with one face on the horizontal 
plane. Draw its perspective. The picture plane is 12 feet 
from the nearest point, and makes with it an anglie of 
40®. Height of the eye 6 inches. Distance to object 
7 feet. Scale J. (Fig. 25.) 

15. A box 4 feet long, 3 feet wide, and 2 feet deep, 
has its nearest comer at 1 foot from the picture plane, 
which forms with the longest side an angle of 40®. The 
lid is open at an angle of 60®, and the eye of the spec- 
tator is 3 feet above the ground. Choose the other con- 
ditions to place it in perspective. Scale -j"^. (Fig. 26.) 

16. A square block of masoniy, 20 feet high, 20 feet 
long, and 10 feet deep, is perforated by a semicirculac 
arch having a span of 14 feet, springing at 8 feelT above 
the ground : show its perspective; the longest side form- 
ing an angle of 35® with- the picture plane. Distance 
from station to object 30' feet, tb picture plane 28 feet; 
height of line of sight 8 feet. Scide 5 feet to 1 inch. 
(Fig. 27.) 

17. Give the perspective of the double cross whose 
dimensions are indicated in the diagram. 

Angle of the side of the cross with the picture plane 44°. 
Object to station 14 feet, to picture plane 2 feet ; height 
of eye 7 feet. Scale ■^. (Fig. 28.) 

18. The perspective of a door-frame 7.6 high and 4 feet 
wide interior dimensions, and of a four-panneled door 
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par^y open. Tlie doot^teune is panllel to tlie piofaire 
jSmbB, and tli9. Kne of si|^ is at i of the lieig^t of the 
door. 
ISie other oonditioDa are optioiial. Soale^ (Fig.29.) 

19. Baoh of the Aoea of a edbe of 4 inchea edge oon- 
taina a oirole taageofc to its adea. Ita neareat &oe forma 
anaagbofSO^iriththepioiaDepb^ The ejeia directed 
to a poink 4 ftefe aboife the upper &oeof the oiibe; oliher 
nonditiofna opIioinaL Scale -^ (Fig. 80.) 

20. An octagOMl pillir, 8 &et high and 1 foot iride, 
atandaomaaqpaael^aaeof 8Jbetautoaiidli^ 4 
ndea of the polar are parallel to the aidea of the baae. 

. HflriiQaS&efevQlgeottopsetiqpepl^ to station 

10 fwt : one of the fiwea fiorma an mig^oi 4JEP with the 
pjotore.plane. Scale J^ (Fig. 81.) ' . 

^ 21.: ▲ Uook pi mutoauj, 100 feet lqng» 20 feet iride, 
and 40feet hii^.iepMMqtp a portion of a ^nidge contain-* 
ing two aemicironlar ardiea of 80 feet span^ springing fl^^ 
I)ier8 at 20feetaboye the ground. The two eztareme abut- 
ments are only 10 feet wide; the central one is 20 feet ; 
roadway 18 feet wide; height of parapet 5 feet; angle, 
with picture plane 80^; station to object 120 feet; to 
pictore plane 100 feet. Scale 80 feet to 1 inch. (Fig. 82.) 

22. A wash-hand-stand 8 feet longj 2 feet widoj and 4 feet 
highj with a circalar hole in the centre of 1.6 diameter. 
The other details of construction are to be assmned. Angle 
with picture plane 28^ Station to object 7 feet ; to pic- 
ture plane 5 feet ; horizon 6 feet. Scale ^. (Fig. 83.) 

The irregular position of the objects required to be put 
in perspectivej often compels us to use the method of 
projections^ in order to obtain their plan and to fulfil 
their other conditions. 

23. A point .4 inch from the picture plane^ and a second 
point at 1.3 inch distant from it and 2.1 inches distant 
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from the first pointy represent the plan of a pole 3.2 inches 
long, of which the first point represents the foot : give its 
perspective, the other conditions being optional. 

Let a represent the first point, b the second ; the line 
a b will show the plan and direction of the pole. To ob- 
tain the height we must make an elevation, therefore 
draw b c perpendicular to a i, and from a as a centre, 
with a radius of 3.2 inches, equal to the length of the pole, 
describe an arc cutting b c in d: b d will represent the 
height of the upper extremity of the pole above the 
ground ; the remaining part of the construction should 
require no further explanation. (Fig. 34.) 

24. Show the perspective of a triangular flag, 4 feet 
long on one of its flying edges, 3 feet on the other, and 
measuring 3 feet long on the edge by which it is attached 
to the pole from which it is suspended. It is so placed 
that the pole, 8 feet long, is inclined to the horizon at an 
angle of 30°, and the plan of the pole is inclined to the 
picture plane at an angle of 48° : choose the other condi- 
tions as you prefer. Scale \ inch to 1 foot. 

This question being somewhat analogous to the one 
just explained, needs no further directions ; I will merely 
observe that the plane abed, containing the elevation of 
the flag, may be represented in perspective by the plane 
a' V c' d\ of which the flagstaff is the diagonal, and from 
which the other parts may equally be easily obtained. 
(Fig. 35.) 

25. An isosceles triangle has two of its sides equal to 
1.9 inch, and the third side equal to 2.5. It stands on the 
horizontal plane with one of its angular points in the pic- 
ture plane. Its longest side inclined to the horizon at an 
angle of 25° ; its plane inclined to the horizontal plane at 
an angle of 68®, and the trace of its plane inclined to the 
picture plane at an angle of 20®. 
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Tho oyo of tho observer is 4.5 inches from the picture 
plane, opposite the point of the triangle which rests on 
the horizontal plane, and 2.5 inches above the horizontal 
plane. (Fig. 36.) 

26. A right pyramid has an equilateral triangle of 2.2 
inches side for its base, and is 3.8 inches high ; it is laid 
on one of its faces : show its projection (1). Show like- 
wise the plan and elevation of the same pyramid lying on 
one of its faces, with one side of its base forming an angle 
of- 70*^ with the vertical plane (2). Draw the perspective 
of the same pyramid ; horizon 2 inches, distance from the 
station to the nearest point of the object which coincides 
with the picture plane, 6 inches (3). Scale i. (Fig. 36, 2.) 

27. An octohedron formed by two square pjrramids 
joined at their bases, each pyramid is 3 inches high and 
1 inch edge, and is laid on one of its faces : its axis forms 
an angle of 30^ with the picture plane ; station to object 
12 inches, to picture plane 9 inches, horizon 4 inches. 
(Fig. 37.) 

28. One of the diagonals of a cube of 2 inches edge 
passes through the eye and is perpendicular to the picture 
plane: draw its perspective, other conditions optional. 
(Fig. 38.) 

It is hoped that after having solved the preceding pro- 
blems, the pupil will no longer require either explanation 
or demonstration, but will be enabled to solve any fur- 
ther questions. 

When not otherwise given, the conditions are optional. 

Required the perspective of a cube which lias one of its 
faces horizontal, and the diameter of that face perpendi- 
cular to the picture plane : assume two positions of tho 
eye, one above and the other below the upper surface of 
tilt' cube. 
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The perspective of a regular tetrahedron 3 inch edge, 
hayiDg one of its faces parallel to the picture plane. 

A block of stone 6 feet longj 4 feet wide^ and 8 feet 
thick is placed on one end^ and another of the same size 
is laid flat on the top of it : draw its perspective ; station 
to object 9 feetj to picture plane 6 feet^ horizon 6 feet, 
angle 40''. Scale -^. 

A table 4 feet long, 2.5 feet wide, and 2.5 feet high ; 
the top is 2 inches thick, the legs 2 inches square and 
fixed at 1.5 inch firom the outside of the table ; a circular 
hole 1.5 foot in diameter is in the centre of the top of the 
table ; the eye is 6.5 feet above the horizontal plane and 
6 feet from the picture plane, which is 1 foot distant from 
the nearest part of the table, and at an angle of 40° with 
its longest side. Scale 3^. 

The perspective of a cross, of which the upright is 5 
feet high, cross piece 8 feet long and 1 foot below the top, 
each piece being eight inches square ; the eye of the ob- 
server is 10 feet distant, 8 feet above the top, and in a 
direction making an angle of 45° with the front of the 
cross. Scale -j^y. 

A box 6 feet long, 4 feet wide, 4*feet high, lid 1 foot 
thick opened at an angle of 45° ; horizon 5 feet, object to 
picture 6 feet, to station 10 feet; its longest side forms 
an angle of 80° with the picture plane : show details, 
thickness, &c. 

A regular parallelopipedon stands on a horizontal plane 
with its longest side inclined to the picture plane at an 
angle of 20°. 

Length of the solid 12 feet^ breadth 10 feet, height 7 
feet, height of eye 12 feet ; line of sight directed to a 
point 2.5 feet to the right of the prolongation of the 
nearest perpendicular edge, station to object 20 feet. 
Scale y^. 
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The perspective of a block of masonry is required. 

It is 20 feet high, with a frontage of 17 feet and depth 
of 13 feet^ and is perforated longitudinally and trans- 
versely by semicircular arches springing at the same 
height^ viz.^ 10.5^ and intersecting each other^ the piers are 
4.25 square ; angle 20^ with picture plane ; line of sight 
5 feet to the right of the nearest angle, horizon 6 feet, 
station to object 25 feet, to picture plane 20 feet. 

The perspective of a rectangular block of masonry 24 
feet long, 20 feet high, and 16 feet broad, pierced by an 
arch springing at a height of 10 feet, and of a semicircular 
form, with a span of 12 feet ; the station is opposite a 
point on one side of its centre. Scale -^. 

The perspective of a right pyramid 3 inches high on a 
square base of 1.5 inch, one of whose sides forms an angle 
of 20 degrees with the picture plane, and whose nearest 
angle is 1 inch beyond it ; the eye is directed to a point 
to the left of the pyramid : other conditions optional. 

A rectangular prism 2 inches high, having for its base a 
triangle whose sides equal 2, 2.5 and 1.7 respectively, 
one of whose sides forms an angle of 30° with the picture 
plane, the nearest angle at 1 inch from it ; the observer's 
eye is 6 inches from the picture plane, opposite the nearest 
angle of the base and 2 inches above the horizontal plane 
on which it stands. 

One of the diagonals of a cube of 2 inches edge passes 
through the eye, and is perpendicular to the picture plane : 
draw its perspective. 

The sides of a triangle equal 2.5, 2.5 and 2.76 inches 
respectively, the longest side is to stand vertical at a dis- 
tance of .25 inch from the picture plane, the eye of the 
observer is to be 1.75 inch above the horizontal plane, 
the point of sight directed at about 3 inches on either side 
of the triangle, whose plane is to have an inclination of 
30° to tho picture plane : other conditions optional. 
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A cottage^ of which half the roof has been removed, 
consiBts of one room, the external dimensions of which are, 
length 15 feet, breadth 12 feet, height 10 feet 5 inches ; 
in one of the longest sides, which forms an angle of 80° 
with the picture plane, are two windows with semicircular 
heads, each 5.5 feet high to the springing of the arches, 
and 3.5 feet wide ; 2.5 inches from the ground : in one of 
the shortest sides is a doorway 3 feet wide and 7.5 feet 
high, reached by two steps each 3 feet long, 1 foot wide, 
and 6 inches thick ; ridge of roof 18 feet above the ground; 
the walls are 1 foot thick ; the walls containing the win- 
dows and door are to be the nearest to the picture plane, 
which is 6 feet distant from it : station to object 20 feet, 
horizon 5 feet. Scale -^. 

The perspective of an equilateral triangular board, 3 
inches side, one side resting on a horizontal plane and 
forming an angle of 40^ with the picture plane, which it 
does not touch. The face of the board is inclined to the 
horizon at an angle of 55°; height of observer's eye 1.5 
inch, point of sight 1 inch to the left of the object. 

The perspective of an isosceles triangle whose base 
equals 2.9 inches ftnd sides 2.1 inches. The triangle 
stands on a horizontal plane with one of its angular points 
in the picture plane ; its longest side is inclined to the 
horizon at an angle of 20^, its plane inclined to the hori- 
zontal plane at an angle of 50^ and the trace of its plane 
inclined to the picture plane at an angle of 20^. 

The eye of the observer is 4.5 inches from the picture 
plane, opposite the point of the triangle which i*ests on 
the horizontal plane, and 2.7 inches above the horizontal 
plane. 

THE END. 
O. NORMAN, PBINTERy MAIDEN LANE, COYENT GARDEN. 
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Page 4, line 27, instead qf** area" read ** circmnference/ 

„ 5f line 1 and 2, instead of '* triangle," read " angle' 

„ 7, line 20, instead of " XJk3 '* rrtw? " IJU)." 

„ 13, line 5, instead qf** 9'^'\ead " 9.9 inches." 

„ 14, line 29, instead of " Nadecagon," read " Undccagon." 

„ 33, line 30, instead qf'* TV draw," read •* TV, draw. 

„ 40, line 7, instead ^j/" " AB in a line C," read «* B in a line AC 

„ 40, line 25, instead of ** oontining," read ** containing." 

„ 41, line 5, iftstead qf " 61.30 and 3X0*43.46"," read " 61*^0 and 

BXC=43° 45'. 

„ 42, last line, instead ^" 400 to 1 inch,'' read " 400 yards to 1 inch." 

„ 54, last line, instead of** mile," read *' inch." 

„ 55, Une 21, instead qf « 4" read " 40." 

„ 65, line 22, instead qf ** 5.\ inch" read "5.1 inches." 

„ 79, line 17, instead qf" ee and df;*read **de and </." 

„ 83, line 19, instead ^"contrast, read "construct" 

„ 87, line 25, instea<l qf** 14** respectiyelv to thV* read ** 14° to the." 

„ 88, line 8, instead qf " acd," read ** aer 

„ 93, line 33, instead qf** 22" " read "2' 2'.»' 

„ 94, line 27, instead ^"sections," read ** sectors.'* 

„ 94, line 30, instead qf ** sectional," read ** sectorial." 

„ 103, line 4, instead qf** adoption," read ** adaption." 
„ 111, line 20, insteadof** 1.5''inch,"rMrf " 1.5 inches high." 
„ 112, line 12, instead qf ** vortex," rend ** vertex." 

„ 121, Une 12, instead qf ** any," read ** any." 
„ 128, line 20, instead qf ** plane,'* read *• plan." 
„ 147, line 16, imtead ^ " | " read ** 1 J." 
„ 149, line 31, instead qf*^ frem," read " fronu" 
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